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Abstract
A string theoretic derivation is given for the conjecture of Hausel, Letellier and
Rodriguez-Villegas on the cohomology of character varieties with marked points. Their
formula is identified with a refined BPS expansion in the stable pair theory of a local
root stack, generalizing previous work of the first two authors in collaboration with G.
Pan. Haiman’s geometric construction for Macdonald polynomials is shown to emerge
naturally in this context via geometric engineering. In particular this yields a new
conjectural relation between Macdonald polynomials and refined local orbifold curve
counting invariants. The string theoretic approach also leads to a new spectral cover
construction for parabolic Higgs bundles in terms of holomorphic symplectic orbifolds.
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1 Introduction
The main goal of this paper is a string theoretic derivation of the conjecture of Hausel,
Letellier and Rodriguez-Villegas [29] on the topology of character varieties of punctured
Riemann surfaces. Analogous results have been obtained in [12, 11] in the absence of marked
points, identifying the main conjecture of Hausel and Rodriguez-Villegas [30] with a refined
Gopakumar-Vafa expansion. The same framework yields a recursion relation for Poincare´
and Hodge polynomials of Higgs bundle moduli spaces using the wallcrossing formula of
Kontsevich and Soibleman [42]. A motivic version of this recursion relation is derived by
Mozgovoy in [49], and proved to be in agreement with the Hausel-Rodriguez-Villegas formula.
The string theoretic construction also provides quantitative supporting evidence [11] for the
P = W conjecture formulated by de Cataldo, Hausel, and Migliorini in [14], and proven
in loc. cit. for rank two Higgs bundles. The present paper carries out a similar program
for character varieties with marked points, the starting point being the main conjecture
formulated in [29], which is briefly reviewed below.
1.1 The Hausel-Letellier-Rodriguez-Villegas formula
Let C be a smooth complex projective curve of genus g ≥ 0, and D = p1 + · · · + pk a
divisor of distinct reduced marked points on C. Let γ1, . . . , γk denote the generators of
the fundamental group π1(C \ D) corresponding to the marked points. For any nonempty
partition µ = (µ1, . . . , µl) of r ≥ 1, let Cµ be a semisimple conjugacy class in GL(r,C) such
that the eigenvalues of any matrix in Cµ have multiplicities {µ1, . . . , µl}.
Let µ = (µ1, . . . , µk) be a collection of partitions of an integer r ≥ 1. Then the character
variety C(C,D;µ) is the moduli space of conjugacy classes of representations
f : π1(C \D)→ GL(r,C)
such that f(γi) ∈ Cµi for all 1 ≤ i ≤ k. The character variety C(C,D;µ) actually depends
on the choice eigenvalues but we will suppress this dependence from the notation since the
topological invariants we compute below are independent of this choice.
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According to [29, Thm. 2.1.5], for sufficiently generic conjugacy classes Cµi , C(C,D;µ)
is either empty or a smooth quasi-projective variety of dimension dµ = r
2(2g − 2 + k) −∑k
i=1
∑li
j=1(µ
j
i )
2 + 2, where li is the length of the partition µi, 1 ≤ i ≤ k, as above. The
compactly supported cohomology H∗cpt(C(C,D;µ)) carries a weight filtration W• and the
mixed Poincare´ polynomial is defined by
Pc(C(C,D;µ); u, t) =
∑
i,k≥0
dim
(
GrWi H
k
cpt(C(C,D;µ))
)
ui/2(−t)k. (1.1)
A priori the right hand side of (1.1) takes values in Z[u1/2, t], but it was conjectured in [29]
that it is in fact a polynomial in (u, t).
In order to formulate the main conjecture of [29], for any partition λ let
Hgλ(z, w) =
∏
✷∈λ
(z2a(✷)+1 − w2l(✷)+1)2g
(z2a(✷)+2 − w2l(✷))(z2a(✷) − w2l(✷)+2) . (1.2)
where a(✷), l(✷) denote the arm, respectively leg length of ✷ ∈ λ. Moreover, for each
marked point pi, let xi = (xi,1, xi,2, . . .) be an infinite collection of formal variables, 1 ≤ i ≤ k,
and H˜λ(z
2, w2; xi) be the modified MacDonald ploynomial [24, 27] labelled by λ. Then [29,
Conjecture 1.2.1.(iii)] states that
ZHLRV (z, w, xi) = exp
(
∞∑
k=1
∑
µ
1
k
w−kdµPc(C(C,D;µ); z−2k,−(zw)k)
(1− z2k)(w2k − 1)
k∏
i=1
mµi(x
k
i )
)
(1.3)
where
ZHLRV (z, w, xi) =
∑
λ
Hgλ(z, w)
k∏
i=1
H˜λ(z
2, w2; xi)
and mµi(xi) are the monomial symmetric functions. For ease of exposition equation (1.3)
will be referred to as the HLRV formula.
Note also that the character variety C(C,D;µ) is diffeomorphic to a moduli space of
strongly parabolic Higgs bundles on C. By analogy with the P = W conjecture formulated
in [14], one expects the weight filtration on the compactly supported cohomology on the
character variety to be identified with a perverse Leray filtration for the Hitchin map on the
moduli of parabolic Higgs bundles. This conjectural identification plays an important role
in this paper.
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1.2 The main conjecture
In this paper we propose a program for verifying (1.3) by following a sequence of string-
theoretic and geometric dualities providing identifications of various counting functions. Our
main string theoretic construction relies on a conjectural identification of the generating
function ZHLRV (z, w, x) with the stable pair theory of a Calabi-Yau orbifold Y˜ . This orbifold
is constructed in Section 4 using the results of [51, 26], which identify parabolic Higgs bundles
on C with Higgs bundles on a root stack. The root stack is an orbifold curve C˜ equipped with
a natural projection to C, which makes C its coarse moduli space. Its construction depends
on the discrete invariants of the parabolic structure and is reviewed in detail in Section 3.1.
In particular, note that the closed points of C˜ have generically trivial stabilizers, the orbifold
points being in one-to-one correspondence with the marked points on C.
Given a line bundle M on C, the three dimensional Calabi-Yau orbifold Y˜M is defined
to be the total space of the rank two bundle Y˜M := tot
(
ν∗M−1 ⊕ (KC˜ ⊗C˜ ν∗M)) on C˜.
In what follows we will call such three dimensional Calabi-Yau orbifolds local orbifold
curves. Initially we focus on Y˜ := Y˜O := tot
(OC˜ ⊕KC˜).
By analogy with Pandharipande and Thomas [55], the stable pair theory of a local
orbifold curve Y˜ is defined in Section 4 as a counting theory for pairs (F, s) with F a
pure dimension one sheaf on Y˜ , and s : OY˜ → F a generically surjective section. The
discrete invariants of F are the Euler character n = χ(F˜ ) and a collection of integral vectors
m = (mi)1≤i≤k, mi ∈ (Z≥0)si, si ≥ 1, encoding the K-theory class of F . In Section 4.1
we extend the analysis of [16]: given a line bundle M on C, we reformulate the stable pair
theory of the local orbifold curve Y˜M in terms of parabolic ADHM sheaves on the curve C.
This yields an explicit construction of the perfect obstruction theory of the moduli space,
and makes the relation with parabolic Higgs bundles more transparent.
Assuming the foundational aspects of motivic Donaldson-Thomas theory from [42], one
obtains a series of refined Pandharipande-Thomas (PT) invariants for the orbifold Y˜M :
Zref
Y˜M
(q, x, y) =
∑
n∈Z
∑
m
PT (Y˜M , n,m; y)q
n
k∏
i=1
x
mi
i (1.4)
for some formal variables x =
(
x1, . . . , xk
)
, xi = (xi,0, . . . , xi,si−1), 1 ≤ i ≤ k. Then the main
conjecture in this paper is the following identity:
Conjecture. After a change of variables, the counting function for the refined PT invariants
on the orbifold Calabi-Yau Y˜ = tot(OC˜ ⊕ KC˜) is identified with the combinatorial HLRV
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partition function:
Zref
Y˜
(z−1w, x, z−1w−1) = ZHLRV (z, w, x). (1.5)
In Section 6 we explain how the relation (1.5) and the parabolic P =W conjecture imply
that the same change of variables converts the HLRV formula (1.3) into a refined Gopakumar-
Vafa expansion. Moreover, an application of the wallcrossing formula of Kontsevich and
Soibelman yields a recursion relation for Poincare´ polynomials analogous to [12]. As shown
in Section 7, the main arguments of [49] apply to the present case as well, proving that the
solution of this recursion formula is in agreement with the predictions of the HLRV formula.
A rigorous proof of identity (1.5) is one of the most important open problems emerging
from this paper. Supporting evidence for this conjecture is provided in Sections 5 and 8,
which are briefly summarized below.
1.3 Macdonald polynomials via geometric engineering
Geometric engineering is used in Section 5 to relate the stable pair generating function
(1.4) to a D-brane quiver quantum mechanical partition function. Analogous results in the
physics literature were obtained in [37, 43, 19, 53, 33, 34, 20, 32, 41, 44, 35] while a general
mathematical theory of geometric engineering is currently being developed by Nekrasov and
Okounkov in [52]. The treatment in Section 5 follows the usual approach in the physics
literature via IIA/M-theory duality and D-brane dynamics. A detailed comparison with the
formalism of [52] is left as an open problem, as briefly explained below.
For simplicity it is assumed that there is only one marked point on C. The local orbifold
curve is taken of the form form Y˜M = tot
(
ν∗M−1 ⊕ KC˜ ⊗C˜ ν∗M
)
where M is a degree
p ≥ 0 line bundle on C. As shown in Section 5.2, a two step chain of dualities relates the
resulting stable pair theory to a series of equivariant K-theoretic invariants of nested Hilbert
schemes of points in C2. The construction of the K-theoretic partition function is explained
in Section 5.3. The final formula recorded in equation (5.6) is a generating function of the
form
ZK(q1, q2; y˜, x˜) =
∑
γ
χTy˜ (V(γ))mµ(γ)(x˜) (1.6)
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where χTy˜ (V(γ)) is the equivariant Hirzebruch genus of a vector bundle V(γ) on the nested
Hilbert scheme N (γ). Here the sum is over all finite collections γ = (γι)0≤ι≤ℓ of positive
integers labelling discrete invariants of flags of ideal sheaves on C2, as explained in Section
5.2, above equation (5.5). For any γ, µ(γ) denotes the unordered partition of |γ| =∑ℓι=0 γι
determined by γ, and mµ(x˜) are the monomial symmetric functions in an infinite set of
variables (x˜0, x˜1, . . .).
Note that the formalism of [52] relates the above stable pair theory with the equivariant
K-theoretic stable pair theory of the product C˜×C2. Then one expects the partition function
(1.6) to follow from this theory by virtual localization computations. In particular the bundle
of fermion zero modes derived in Appendix B is expected to be naturally determined by the
induced perfect obstruction theory on the fixed loci. This computation will be left as an
open problem.
The main result of section 5 is identity (5.18) expressing the generating function (1.6) in
terms of modified Macdonald polynomials,
ZK(q1, q2; x˜, y˜) =
∑
µ
Ωg,pµ (q1, q2, y˜)H˜µ(q2, q1, x˜). (1.7)
The Ωg,pµ (q1, q2, y˜) are rational functions of the equivariant parameters (q1, q2) and y˜ deter-
mined explicitely by a fixed point theorem, according to equation (5.17).
Formula (1.7) is proven in Section 5.5 using Haiman’s geometric construction of Macdon-
ald polynomials in terms of isospectral Hilbert scheme [27, 28]. The proof also requires some
geometric comparison results between nested and isospectral Hilbert schemes established in
Section 5.4.
As supporting evidence for equation (1.5), it is shown in Section 6, equation (6.4), that
a simple change of variables relates the right hand side of equation (1.7) to the HLRV
generating function ZHLRV (z, w; x),
ZHLRV (z, w; x) = ZK
(
w2, z2; (zw)−1, (−1)g−1(zw)gx). (1.8)
Further supporting evidence is provided in Section 8, which is briefly summarized below.
1.4 Parabolic conifold invariants and the equivariant index
A direct computational test of conjecture (1.5) is carried out in Section 8 using the formalism
developed by Nekrasov and Okounkov in [52]. The computations are carried out for the
special case where C is the projective line with one marked point p, and the local threefold
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is Y˜OC(1) i.e. the total space of the rank two bundle ν
∗OC(−1) ⊕KC˜ ⊗C˜ ν∗OC(1) on C˜. A
conjectural relation between the equivariant index defined in [52] and orbifold refined stable
pair invariants is formulated in Section 8.1, equation (1.5). This identification is checked by
explicit virtual localization computations for low degree terms up to three box partitions in
Section 8.2.
An important outcome of the string theoretic derivation is a new geometric construction
of spectral data for parabolic Higgs bundles which lays the ground for a generalization of
the HLRV formula. This is carried out in Section 3, a brief outline being provided below.
1.5 Outline of the program
For the convenience of the reader we now list all the ingredients in the physical derivation
of the HLRV conjecture (1.3) in their logical sequence:
Step 1. Identify the combinatorial left hand side of the HLRV formula with the counting
function for refined stable pair invariants on the three dimensional Calabi-Yau orbifold
Y˜ . This identification is provided by the conjectural formula (1.5). The construction
of the orbifold stable pair theory for this step is presented in Section 4.
Step 2. Identify the counting function for the refined stable pair invariants on Y˜ with the
generating function for the perverse Poincare´ polynomials of the moduli of parabolic
Higgs bundles. This identification is a combination of two components:
(i) A geometric isomorphism of the moduli of Bridgeland stable pure dimension one
sheaves on Y˜ and the product of the moduli space of parabolic Higgs bundles on C
with the affine line. This identification is based on the spectral cover construction
explained in Section 3.1.
(ii) A conjectural refined Gopakumar-Vafa expansion of the stable pair theory of Y˜
generalizing the unrefined conjecture formulated in [55]. Granting identity (1.5),
the specialization of the HLRV formula to Poincare´ polynomials follows recur-
sively from the Kontsevich-Soibelman wall-crossing formula [42] for the variation
of Bridgeland stabilities on the stable pair moduli by analogy with [12, 49]. The
details are presented in Sections 6, 7.
Step 3. Identify the generating function for the perverse Poincare´ polynomials of the moduli
of parabolic Higgs bundles with the generating function for the weight-refined Poincare´
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polynomial of the character variety. This is a parabolic version of the P = W conjecture
of Hausel, de Cataldo, and Migliorini. A brief discussion is provided in Section 6.
Note that the refined Gopakumar-Vafa expansion needed here was conjectured for toric
Calabi-Yau threefolds in [35] and also [10] building on previous work of [25, 38]. This
conjecture was extended to higher genus local curves in [11]. Here it is further extended to
local orbifold curves.
In the mathematical literature, a weak form of the unrefined Gopakumar-Vafa conjecture
stable pair theory was proven in [5], [59], while the full unrefined conjecture was proven in
[60]. These results prove the existence of a suitable integral expansion, but do not provide a
cohomological intepretation of the resulting integral invariants. The latter is also needed in
the string theory derivation of the HLRV formula.
The geometric framework developed in this program admits a generalization to parabolic
Higgs bundles with nontrivial eigenvalues at the marked points. This yields in particular
a new orbifold spectral cover presentation for such objects, generalizing the construction in
Section 3.1. This is carried out in Sections 3.2, 3.3 and 3.4, which are summarized below.
1.6 Orbifold spectral data for nontrivial eigenvalues
The orbifold spectral cover construction applies to a particular flavor of parabolic Higgs
bundles introduced in Section 2.3. These are Higgs bundles with simple poles at the marked
points, whose residues are ξ-parabolic maps. This condition requires each graded component
of the Higgs field residue at a marked point with respect to the flag to be a specified mul-
tiple of the identity. Parabolic Higgs bundles satisfying this condition are called diagonally
parabolic, or, more specifically, ξ-parabolic, and form a closed substack of the moduli stack
of semistable parabolic Higgs bundles.
The unordered eigenvalues of parabolic Higgs bundles are parameterized by the quotient
Q of the Hitchin base defined in equation (2.12). For each point q ∈ Q, the construction
in Section 3.2 produces a holomorphic symplectic orbifold surface S˜δ. The moduli space
of semistable ξ-parabolic Higgs bundles is conjecturally identified with a moduli space of
semistable torsion sheaves on S˜δ with fixed K-theory class. The precise statement of this
conjecture is given in Section 3.3, a brief outline of the proof being provided in Section 3.4.
In this geometric framework string theory arguments predict a formula of the form (1.3),
where the left hand side is given by the refined stable pair theory ZrefPT (S˜δ × C) up to a
change of variables. The right hand side will be a similar generating function for perverse
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Poincare´ polynomials for moduli spaces of stable ξ-parabolic Higgs bundles. As pointed out
by Emmanuel Letellier and Tamas Hausel, the latter is expected to be identical with the
right hand side of equation (1.3), even away from the nilpotent locus. This leads to a rather
surprising conjecture stating that the refined stable pair theory ZrefPT (S˜δ ×C) is independent
on δ. In particular, it should be identical with the stable pair theory of Y˜ in equation (1.4).
1.7 Open problems
We conclude the introduction with a list of open problems emerging from this work. Several
such questions have already been encountered above, including:
(a) the proof of (1.5),
(b) the derivation of an analogous formula for the stable pair theory of the orbifolds
S˜δ × C, confirming deformation invariance, and
(c) an explicit comparison with the equivariant K-theoretic stable pair theory of C˜ ×C2
in the context of geometric engineering.
Additional possible future directions include:
(d) Section 6 presents quantitative evidence for a parabolic version of the P = W conjec-
ture formulated in [14]. It would be very interesting if the parabolic P = W can be proven
by direct comparison methods in certain classes of examples.
(e) Another problem is to prove the crepant resoltuion conjecture for stable pair invariants
formulated in [56, Conj. 4], for the orbifolds S˜δ × C. Similar results in Donaldson-Thomas
theoriers have been proven in [7, 9].
(f) Elaborating on the same topic, a further question is whether ξ-parabolic Higgs bundles
admit a spectral cover presentation in terms of torsion sheaves on the resolutions of the
coarse moduli spaces. Again, the Fourier-Mukai transform should provide important input
in finding the answer.
(g) Finally, a natural question is whether one can construct a TQFT formalism for
(unrefined) curve counting invariants of local orbifold curves, by analogy with the results of
Bryan and Pandharipande [8], and Okounkov and Pandharipande [54].
1.8 Notation and conventions
C - a smooth complex projective curve of genus g ≥ 0.
D = p1 + · · ·+ pk - a divisor of distinct reduced marked points on C.
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µ = (µ1, . . . , µk) - a collection of partitions of an integer r ≥ 1.
C(C,D;µ) - the character variety, i.e. the moduli space of conjugacy classes of representa-
tions of π1(C \D) with values in fixed conjugacy classes at the punctures.
Pc(C(C,D;µ); u, t) - the mixed Poincare´ polynomial for the weight filtration on the com-
pactly supported cohomology of the character variety.
Hgλ(z, w) - the HLRV (z, w)-deformation of the 2g − 2 power of the hook polynomial given
in equation (1.2).
H˜µ(q2, q1, x˜) - the modified MacDonald polynomial [24, 27].
ZHLRV (z, w, x) - the combinatorial HLRV partition function appearing in the left hand side
of the HLRV formula.
C˜ - an orbifold curve equipped with a morphism ν : C˜ → C, which is an isomorphism
outside D.
Y˜ - a three dimensional Calabi-Yau orbifold given as Y˜ = tot
(OC˜ ⊕KC˜).
Y˜M - a three dimensional Calabi-Yau orbifold given as Y˜M = tot
(
ν∗M ⊕ (KC˜ ⊗ ν∗M−1))
for some line bundle M on C.
Zref
Y˜M
(q, y, x) - the counting function of refined stable pair invariants on Y˜M .
ZK(q1, q2; y˜, x˜) - the counting function of equivariantK-theoretic invariants of nested Hilbert
schemes of points in C2.
Hssξ (C,D;m, e, α) - the moduli stack of semistable ξ-parabolic Higgs bundles on C.
S˜δ - a symplectic orbifold surface associated with a zero dimensional subscheme inside
tot(KC(D)).
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2 Parabolic Higgs bundles and spectral covers
The goal of this section is to provide some background on parabolic Higgs bundles, summa-
rizing the main results used throughout the paper. Let C be a smooth projective curve over
C and D =
∑k
i=1 pi a reduced effective divisor on C. A meromorphic Higgs bundle is a pair
(E,Φ) with a E a locally free sheaf and Φ : E → E ⊗ KC(D) a morphism of sheaves on
C. Parabolic Higgs bundles are a refinement of meromorphic ones defined by specifying a
parabolic structure at each marked point, as discussed in detail below.
2.1 Parabolic structures
In order to fix notation, let V be a finite dimensional vector space and m = (ma)0≤a≤s−1 ∈
Zs≥0 an ordered collection of non-negative integers such that
s−1∑
a=0
ma = dim V. (2.1)
A flag of type m in V is a filtration
0 = V s ⊆ V s−1 · · · ⊆ V 1 ⊆ V 0 = V
by vector subspaces such that
dim (V a/V a+1) = ma, 0 ≤ a ≤ s− 1. (2.2)
Note that degenerate flags are allowed i.e. the inclusions do not have to be strict, but the
length of the filtration is fixed.
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Suppose V,W are finite dimensional vector spaces equipped with filtrations V •, W • of
the same length s. A linear map f : V → W will be called parabolic if f(V a) ⊆ W a for all
0 ≤ a ≤ s. The map f will be called strongly parabolic if f(V a) ⊆W a+1 for all 0 ≤ a ≤ s−1.
A more refined compatibility condition can be defined when W = V ⊗ L, with L a
one dimensional vector space, and W • is the natural filtration determined by V •. Given a
collection of linear maps ξ =
(
ξa : C → L
)
0≤a≤s−1
, a linear map f : V → W will be called
ξ-parabolic if f is parabolic and the induced maps fa : V
a/V a+1 → V a/V a+1 ⊗ L are of the
form
fa = 1V a/V a+1 ⊗ ξa.
Following the notation introduced in [23], let PHom(V,W ), SPHom(V,W ) denote the
linear space of parabolic, respectively strongly parabolic linear maps. Let also
APHom(V,W ) = Hom(V,W )/PHom(V,W )
be the vector space parameterizing equivalence classes of morphisms not preserving the
filtrations.
For any exact sequence
0→ V ′ → V → V ′′ → 0,
a flag V • in V of length s induces canonical flags V ′•, V ′′• of V ′, V ′′ of the same length. In
fact vector spaces equipped with flags of fixed length s form an abelian category.
Given a reduced effective divisor D =
∑k
i=1 pi on the curve C, for each i ∈ {1, . . . , k}
let mi = (mi,a), 0 ≤ a ≤ si, si ≥ 1, be an ordered collection of integers of length si ≥ 1
satisfying conditions (2.1). A quasi-parabolic structure on a vector bundle E on C is a
collection (E•i )1≤i≤k of flags of type mi in the fiber Epi for each i ∈ {1, . . . , k}. For ease of
exposition, such a quasi-parabolic vector bundle will be denoted by E•, and its numerical
type by m = (mi)1≤i≤k.
For any exact sequence of vector bundles
0→ F → E → G→ 0,
a quasi-parabolic structure on E at D of type mE induces quasi-parabolic structures of types
mF , mG on F,G such that mF + mG = mE . Moreover, as explained in [23, Sect 2.2], for
any two parabolic bundles E•, F • there is a sheaf of parabolic morphisms PHomC(E
•, F •)
which fits in an exact sequence
0→ PHomC(E•, F •)→ HomC(E, F )→ ⊕ki=1APHom(E•pi, F •pi)⊗Opi → 0 (2.3)
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0→ HomC(E, F (−D))→ PHomC(E•, F •)→ ⊕ki=1PHom(E•pi, F •pi)⊗Opi → 0 (2.4)
Similarly, there is a sheaf of local strongly parabolic morphisms SPHomC(E
•, F •) which fits
in analogous exact sequences. Note also that there is a natural duality relation [23, Prop.
2.3.i]
PHomC(E
•, F •)∨ ≃ SPHomC(F •, E•)⊗C OC(D). (2.5)
A parabolic bundle on C is a quasi-parabolic bundle E• equipped in addition with col-
lections of weights αi = (αi,a)0≤a≤si−1 ∈ Rsi for each i ∈ {1, . . . , l} such that
0 ≤ αi,0 < · · · < αi,si−1 < 1. (2.6)
The data (αi)1≤i≤k will be denoted by α and parabolic bundles will be denoted by (E
•, α).
There is a natural stability condition for parabolic bundles formulated in terms of parabolic
slopes. The parabolic degree of (E•, α) is defined as
deg(E•, α) = deg(E) +
k∑
i=1
si−1∑
a=0
mi,aαi,a, (2.7)
and the parabolic slope is given by
µ(E•, α) =
χ(E•, α)
rk(E)
. (2.8)
with
χ(E•, α) = deg(E•, α)− rk(E)(g − 1) = χ(E) +
k∑
i=1
si−1∑
a=0
mi,aαi,a. (2.9)
Any nontrivial proper saturated subsheaf 0 ⊂ E ′ ⊂ E inherits an induced parabolic structure
(E ′•, α′) on E ′. The parabolic bundle (E•, α) is (semi)stable if any such subsheaf satisfies
the parabolic slope condition
µ(E ′
•
, α′) (≤) µ(E•, α). (2.10)
As shown in [47], this stability condition yields projective moduli spaces of S-equivalence
classes of semistable objects. Moreover, for sufficiently generic weights these moduli spaces
are smooth.
2.2 Higgs fields, spectral covers, and foliations
A quasi-parabolic Higgs bundle on C is a quasi-parabolic vector bundle E• equipped with a
Higgs field Φ : E → E ⊗C KC(D) such that the residue Respi(Φ) : Epi → Epi is a parabolic
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map for each marked point. A parabolic Higgs bundle is defined by specifying in addition a
collection of weights α as in the previous section.
There is a natural notion of stability for parabolic Higgs bundles, defined by imposing the
parabolic slope inequality (2.10) for all proper saturated subsheaves preserved by the Higgs
field. The results of [62], imply that semistable parabolic Higgs bundles with fixed numerical
invariants m, deg(E) = e form an algebraic stack of finite type Hsspar(C,D;m, e, α). The
stable ones form an open substack Hspar(C,D;m, e, α). Moreover there is a coarse moduli
space Hsspar(C,D;m, e, α) parameterizing S-equivalence classes of semistable objects which
contains an open subspace Hspar(C,D;m, e, α) parameterizing isomorphism classes of stable
objects. According to [63], Hsspar(C,D;m, e, α) is a normal quasi-projective variety while the
stable open subspace is smooth. Note also that any semistable object must be stable for
sufficiently generic weights and primitive numerical invariants.
Similar considerations apply to strongly parabolic Higgs bundles, in which case the moduli
stacks/spaces will be labelled with a subscript s-par instead of par. In addition, one can
construct similarly moduli spaces of parabolic and strongly parabolic Higgs bundles where the
Higgs field takes values in an arbitrary coefficient line bundleM , that is Φ : E → E⊗CM(D).
In this case, the line bundle M will be specified in the notation of the moduli space e.g.
Hsspar(C,D,M ;m, e, α).
Taking polynomial invariants of the Higgs field yields the Hitchin map
h : Hsspar(C,D;m, e, α)→ B(C,D; r), B(C,D; r) = ⊕rl=1H0(C, (KC(D))l). (2.11)
This is a surjective proper morphism, its generic fibers being disjoint unions of abelian
varieties. As observed in [46, 45], the unordered eigenvalues of the Higgs field at the marked
points are parameterized by the quotient B/B0 where B0 ⊂ B is the linear subspace
B0(C,D; r) = ⊕rl=1H0(C, (KC(D))l ⊗OC(−D)) ⊂ B(C,D; r).
The moduli space is foliated by the fibers of the resulting projection,
p : Hsspar(C,D;m, e, α)→ B(C,D; r)/B0(C,D;R). (2.12)
Parabolic Higgs bundles admit a spectral cover presentation as parabolic pure dimension
one sheaves on the total space P of KC(D). Let π : P → C denote the canonical projection,
Pi = π
−1(pi) the fiber at the marked point pi, andDP =
∑k
i=1 Pi. A quasi-parabolic structure
F • on a pure dimension one sheaf F on P is defined by a sequence of surjective morphisms
F ⊗P Pi ։ F si−1i ։ · · ·։ F 1i (2.13)
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where F ai are sheaves on Pi for all 1 ≤ i ≤ k. Moreover F is required to have compact support,
which implies that the sheaves F ⊗P Pi are zero dimensional. In this case ch1(F ) = dσ with
σ the class of the zero section. A parabolic structure is defined by specifying in addition
parabolic weights α = (αai ) as above.
Any saturated sub sheaf F ′ ⊂ F inherits a natural induced parabolic structure. Then
one defines a stability condition using the parabolic slope
µ(F •, α) =
1
d
(
χ(F ) +
k∑
i=1
s−1∑
a=0
αi,a(χ(F
a+1
i )− χ(F ai ))
)
.
This yields an algebraic moduli stack of semistable objects which is isomorphic to the moduli
stack of semistable parabolic Higgs bundles on C with numerical invariants
mai = d− χ(F ai ), e = χ(F ) + d(g − 1).
This isomorphism assigns to any sheaf F the bundle E = π∗F , the flags being determined
by
Eai = Ker(Epi ։ π∗F
a
i ).
The Higgs field Φ : E → E⊗CKC(D) is the pushforward Φ = π∗y of the multiplication map
F → F ⊗P π∗KC(D) by the tautological section y ∈ H0(P, π∗KC(D)).
Again, a similar spectral construction applies to parabolic Higgs bundles with coefficients
in a line bundle M , as defined above (2.11). In that case, P will be the total space of the
line bundle M(D).
2.3 Diagonally parabolic Higgs bundles
For further reference it will be convenient to note here that the moduli stack of semistable
Higgs bundles contains a closed substack where the Higgs field has ξi-parabolic residues at
each marked point pi, where ξi is a collection ξi = (ξ
0
i , . . . , ξ
si−1
i ) ∈ KC(D)⊕sipi . Using the
notion introduced in Section 2.1, this means that Φ|pi : Epi → Epi ⊗KC(D)pi is parabolic,
and the induced maps
Eapi/E
a+1
pi
→ Eapi/Ea+1pi ⊗KC(D)pi
are of the form 1 ⊗ ξai . Such objects will be called ξ-parabolic, where ξ = (ξai ), 1 ≤ i ≤ k,
0 ≤ a ≤ si. The closed substack of such objects will be denoted by Hssξ−par(C,D;m, e, α).
For ξi = (0, . . . , 0), 1 ≤ i ≤ k, one recovers the moduli stack of strongly parabolic Higgs
bundles.
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It will be shown in Section 3 that moduli spaces of ξ-parabolic Higgs bundles occur
naturally in string theory.
3 Spectral data via holomorphic symplectic orbifolds
The goal of this section is to formulate a variant of the spectral cover construction for
parabolic Higgs bundles. In this variant the spectral data are torsion sheaves on holomor-
phic symplectic orbifold surfaces. This construction is different from the standard spectral
construction from Section 2.2 in which the spectral data are parabolic dimension one sheaves
on the total space P of the line bundle KC(D). The main motivation for this alternative ap-
proach resides in string theory, where parabolic structures must arise naturally from D-brane
moduli problems rather than being specified as additional data.
For a brief outline, suppose C is a smooth projective curve equipped with a reduced
divisor D =
∑k
i=1 pi of marked points. We want to describe orbifold spectral data for
parabolic Higgs bundles on (C,D). Consider the moduli stack Hssξ−par(C,D;m, e, α) of diag-
onally parabolic Higgs bundles introduced in Section 2.3. In this section we will show that
any Higgs bundle (E,Φ) in Hssξ−par(C,D;m, e, α) can be represented by a spectral datum G˜
which is a Bridgeland semistable pure dimension one coherent sheaf on a certain orbifold
symplectic surface S˜δ.
The surface S˜δ depends on C, the divisor D, and a zero dimensional subscheme δ inside
tot(KC(D)). To describe it let P denote the total space of KC(D), and let Pi be the fiber
over pi, 1 ≤ i ≤ k. Let si ∈ Z≥1, 1 ≤ i ≤ k be fixed positive integers and δ = (δi)1≤i≤k be a
fixed collection of degree si divisors
δi =
ℓi∑
j=1
si,j℘i,j, ℓi ≥ 1, si,j ≥ 1, 1 ≤ j ≤ ℓi,
on Pi for each 1 ≤ i ≤ k. By convention, set si,0 = 0 for each 1 ≤ i ≤ k. In Section 3.2
we check that the weighted blowup of P along δ produces a holomorphic symplectic orbifold
surface S˜δ.
The particular δ needed for the spectral description of the Higgs bundles inHssξ−par(C,D;m, e, α)
is constructed out of the eigenvalues ξ of the residues of the Higgs fields, and the flag types
m. Specifically we take si to be the number of steps in the parabolic filtration at the point
pi and ℓi to be the number of distinct entries in the vector ξi =
(
ξ0i , . . . , ξ
si−1
i
) ∈ KC(D)⊕sipi .
We label the distinct entries of ξi by ℘i,1, . . . , ℘i,ℓi, and we write si,j for the multiplicity
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with which ℘i,j is repeated as a coordinate inside ξi. In other words we choose a function
 : {0, . . . , si − 1} → {1, . . . , ℓi} so that
ξai = ℘i,(a), 0 ≤ a ≤ si − 1. (3.1)
These choices define a zero dimensional subscheme δ ⊂ P and an orbifold symplectic surface
S˜δ.
Then the main result of this section is the existence of an isomorphism
Hssξ−par(C,D;m, e, α) ∼=Mssβ
(
S˜δ,d
)
(3.2)
of the moduli stack Hssξ−par(C,D;m, e, α) between semistable ξ-parabolic bundles on C with
the moduli stack Mssβ
(
S˜δ,d
)
of Bridgeland β-semistable pure dimension one sheaves on S˜δ
with K-theory class d ∈ K0c (S˜δ).
To set up this isomorphism we first construct an identification of discrete invariants
(r,m, e)←→ d
and an identification
α←→ β
of the parabolic weights on the Higgs side with the Bridgeland stability parameters β on
the spectral data side. These identifications are based on an explicit computation of the
compactly supported K-theory of S˜δ. A precise statement is formulated in Section 3.3.
The simplest instance of this construction is ξ = 0, in which case ξ-parabolic bundles
are the same as strongly parabolic bundles. In this case the construction of S˜0 follows from
standard root stack constructions in the literature, as explained below.
3.1 Root stacks and orbifold spectral covers
Using the construction of [2, 3], parabolic Higgs bundles have been identified with ordinary
Higgs bundles on an orbicurve in [51, 26]. This section reviews the basics of this construction
following the algebraic approach of [26].
Given the curve C with marked points pi, 1 ≤ i ≤ k one first constructs an orbicurve
C˜ as follows. Let U = C \ {p1, . . . , pk}. For any point pi, let Dpi, denote the formal disc
centered at pi and D◦pi = Dpi ×C U the punctured formal disc. Let ϕi : D˜pi → Dpi be the
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si : 1 cover given by zi 7→ zsii . There is a natural µsi-action on D˜pi sending zi 7→ ωizi, where
ωi = exp(2π
√−1/si). The quotient stacks [D˜pi/µsi] are then glued to U using the morphisms
ϕi to identify the open substacks [D˜◦pi/µsi] with the punctured disks D
◦
pi
. In characteristic
zero this yields a smooth Deligne-Mumford stack C˜ equipped with a map ν : C˜ → C which
identifies C with its coarse moduli space.
Following [26, Sect 2.4], a Higgs bundle on C˜ is a vector bundle E˜ equipped with a Higgs
field Φ˜ : E˜ → E˜ ⊗C˜ KC˜ . This data determines a parabolic Higgs bundle on C as follows.
For each point pi there is a line bundle L˜i on C˜ such that L˜
si
i = ν
∗OC(pi). Locally, ν∗OC(pi)
corresponds to the rank one free C[[zi]]-module generated by z
−si
i while L˜i corresponds to
the C[[zi]]-module generated by z
−1
i . Now let
E = ν∗ E˜,
and
F ai = ν∗
(
E˜ ⊗C˜ L˜−ai
)
(3.3)
for each 1 ≤ i ≤ k, 0 ≤ a ≤ si− 1. By the base change theorem, all direct images are locally
free and the sheaves F ai , 0 ≤ a ≤ si − 1, form a filtration
E(−pi) ⊆ F si−1i ⊆ · · · ⊆ F 0i = E (3.4)
for each 1 ≤ i ≤ k.
For concreteness, note that any locally free sheaf E˜ is locally isomorphic to a sum of line
bundles of the form ⊕rj=1L˜ni,ji , corresponding to the C[[zi]]-module
⊕r
i=1 z
−ni,j
i C[[zi]]. The
morphism ν : C˜ → C is locally of the form ti = zsii , where ti is a local coordinate on C
centered at pi. The direct image E = ν∗E˜ corresponds locally to the C[[ti]]-module obtained
by taking the µsi-fixed part of
⊕r
i=1 z
−ni,j
i C[[zi]]. The subsheaves F
a
i are obtained similarly
by taking the µsi-fixed part of
⊕r
i=1 z
−ni,j+a
i C[[zi]], 0 ≤ a ≤ si − 1.
The filtration (3.4) determines a flag
Eai = Ker(Epi ⊗Opi ։ E/F ai ) (3.5)
in the fiber Epi , hence one obtains a quasi-parabolic bundle E
• on C. Note also that the
snake lemma yields an isomorphism
Eai ⊗Opi ≃ F ai /E(−pi) (3.6)
for all 0 ≤ a ≤ si, 1 ≤ i ≤ k.
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According to [26, Prop. 2.16] assigning the quasi-parabolic bundle E• to E˜ yields an
equivalence of groupoids. Moreover, the degree of E˜ as an orbibundle equals the parabolic
degree of E• with weights αa =
a
si
.
Next consider a Higgs field Φ˜ : E˜ → E˜ ⊗C˜ KC˜ on the stack and note the isomorphisms
KC˜ ≃ ⊗ki=1L˜(si−1)i ⊗C˜ ν∗KC ≃ ⊗ki=1L˜−1i ⊗C˜ ν∗KC(D).
Then Φ = ν∗Φ˜ : E → E ⊗C Ω1C(D) is a Higgs field on E and equations (3.3) imply that
Φ(F ai ) ⊆ F a+1i ⊗C Ω1C(D)
for all 0 ≤ a ≤ si − 1, 1 ≤ i ≤ k. Using isomorphisms (3.6), this implies that the residue
Respi(Φ) is strongly parabolic with respect to the flag (3.5) for each i ∈ {1, . . . , k}.
According to [26, Prop. 20], the above construction yields a one-to-one correspondence
between Higgs fields Φ˜ on the orbifold C˜ and Higgs fields Φ on C with strongly parabolic
residues with respect to the flag E•i at each pi, 1 ≤ i ≤ k. Furthermore, the degree of the
orbifold bundle E˜ equals the parabolic degree deg(E, α) for special values of the weights
αi,a =
a
si
, 0 ≤ a ≤ si − 1, 1 ≤ i ≤ k. (3.7)
Based on this observation, it is straightforward to check that this correspondence maps
(semi)stable orbibundles to (semi)stable parabolic Higgs bundles with weights (3.7). Since
it works for flat families as well, it yields isomorphisms of moduli stacks.
For completeness, note that the fiber E˜i,0 of E˜ at the closed point 0 ∈ [D˜pi/µsi] carries a
natural action of the stabilizer group µsi. Hence it decomposes into irreducible representa-
tions,
E˜i,0 ≃
si−1⊕
a=0
R
⊕ni,a
i,a , (3.8)
where Ri,a denotes the one dimensional representation of µsi with character ω
a
i . Then [26,
Lemma 2.19] proves that the discrete invariants mi,a of the flag (3.5) are given by mi,a = ni,a,
for 0 ≤ a ≤ si − 1. In string theoretic language this means that the flag type encodes the
fractional charges with respect to the twisted sector Ramond-Ramond fields.
Using the standard spectral cover construction, an orbifold Higgs bundle (E˜, Φ˜) corre-
sponds to a pure dimension one sheaf F˜ on the total space S˜ of KC˜ , finite with respect to
the natural projection π : S˜ → C˜. The bundle E˜ is obtained by push-forward, E˜ = π∗F˜ ,
and the Higgs field Φ˜ is the push-forward of the multiplication map F˜ → F˜ ⊗ π∗KC˜ by
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the tautological section. This is a one-to-one correspondence which holds for flat families as
well, preserving (semi)stability. Therefore it induces again isomorphisms of moduli stacks of
semistable objects. As shown in detail in the next subsection, one can in fact obtain arbitrary
values of the parabolic weights using Bridgeland stability conditions for pure dimension one
sheaves on S˜.
Finally, all above statements generalize immediately to Higgs fields with values in an
arbitrary line bundle M on C. Namely, let
M˜ = ⊗ki=1L˜si−1i ⊗C˜ ν∗M.
Then there is again a one-to-one correspondence between strongly parabolic Higgs bundles
(E,Φ), with Φ : E → E ⊗C M(D) and Higgs orbibundles (E˜, Φ˜) with Φ˜ : E˜ → E˜ ⊗C˜ M˜ .
The latter admit again a spectral cover presentation, as pure dimension one sheaves on the
total space of M˜ .
At the same time analogous considerations hold for parabolic Higgs bundles (E•,Φ) on C
with Φ : E → E⊗C M a Higgs field preserving the flag E•i at each point pi, 1 ≤ i ≤ k. Note
that in this case Φ is regular at pi and Φ|pi is not necessarily strongly parabolic. Repeating
the above arguments, such objects are in one-to-one correspondence with Higgs orbibundles
(E˜, Φ˜) on C˜, with Φ˜ : E˜ → E˜ ⊗C˜ ν∗M .
3.2 Orbifold spectral data for diagonally parabolic Higgs bundles
As in the second paragraph of Section 3, let δ = (δi)1≤i≤k be a collection of degree si divisors
δi =
ℓi∑
j=1
si,j℘i,j, ℓi ≥ 1, si,j ≥ 1, 1 ≤ j ≤ ℓi,
on Pi for each 1 ≤ i ≤ k. Note that one can choose an affine chart (xi, yi,j) on P centered
at each point ℘i,j, where xi is an affine coordinate on C centered at pi, and yi,j a linear
coordinate on the fibers of P centered at ℘i,j. Let Vi,j = SpecC[xi, yi,j] ⊂ P denote the
domain of this affine coordinate chart. Then any collection δ = (δi)1≤i≤k, determines a
smooth orbifold surface P˜δ, the stack theoretic weighted projective blow-up of P at the
points ℘i,j with weights (si,j, 1) with respect to the affine chart (xi, yi,j).
This is a standard construction in the orbifold literature employed for example in [39, 40].
Following [40, Sect. 2.1], the weighted projective blow-up of P at ℘i,j is a quotient stack
[Xi,j/C×], where Xi,j is a scheme obtained by gluing (C2 \ {0}) × C to (P \ {℘i,j}) × C×
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along (Vi,j \ {0}) × C×. In terms of linear coordinates (u, v, t) on C2 × C, the gluing map
reads
xi = t
si,ju, yi,j = tv, z = t
−1 (3.9)
where z is a linear coordinate on the target C×. The C×-action on X is induced by the
C×-action
(ζ, (u, v, t)) 7→ (ζsi,ju, ζv, ζ−1t)
on (C2 \ {0})× C and the scaling action on the second factor of (P \ {℘i,j})× C×.
Proceeding this way for each point ℘i,j, one obtains a smooth Deligne-Mumford stack P˜δ
equipped with a natural projection η : P˜δ → P . In terms of the above affine coordinates,
the projection map is given by
xi = ut
si,j , yi,j = vt. (3.10)
For each pair (i, j) the inverse image η−1(Vi,j) is an open substack of P˜δ isomorphic to
the smooth toric stack Xi,j = [SpecC[u, v, t]/C×] with weights (si,j, 1, 1). According to
[39, Prop. 4.5], the open substack of Xi,j where u 6= 0 is isomorphic to a quotient stack
[SpecC[x˜, y˜]/µsi,j ], where
x˜si,j = utsi,j , y˜si,j = u−1vsi,j .
This shows that there is an orbifold point ℘˜i,j with stabilizer µsi,j mapping to each blow-up
center ℘i,j. All other closed points of P˜δ have trivial stabilizers. The reduced exceptional
divisor Ξi,j corresponding to ℘i,j is isomorphic to a weighted projective line P[si,j, 1] passing
through the orbifold point. Moreover, the total transform of the fiber Pi is
η∗Pi = P
′
i +
ℓi∑
j=1
si,jΞi,j (3.11)
where P ′i is a line on P˜δ disjoint from the orbifold points.
In terms of the local coordinates (x˜, y˜) exceptional divisor is given by x˜ = 0, and the
projection map (3.10) is given by
xi = x˜
si,j , yi,j = x˜y˜. (3.12)
Then
η∗(dxi ∧ dyi,j) = si,jx˜si,jdx˜ ∧ dy˜,
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which implies that the canonical class KP˜δ , is given by
KP˜δ = η
∗KP +
k∑
i=1
ℓi∑
j=1
si,jΞi,j .
Since P has canonical class
KP = −
k∑
i=1
Pi,
using equation (3.11), the canonical class of P˜δ is
KP˜δ = −
k∑
i=1
P ′i . (3.13)
Therefore the complement
S˜δ = P˜δ \ ∪ki=1P ′i
is a holomorphic symplectic orbifold surface. This holomorphic symplectic surface will be
used below in the construction of spectral data for diagonally parabolic Higgs bundles.
The first task is to classify the discrete invariants of compactly supported torsion sheaves
on S˜δ. Consider the natural bilinear pairing
( , ) : K0(P˜δ)×K0cpt(P˜δ)→ Z (3.14)
defined by
([F˜ ], [G˜]) =
∑
i∈Z
(−1)idimExti(F˜ , G˜)
for any two coherent sheaves F˜ , G˜ on P˜δ, where G˜ has compact support. The discrete
invariants of compactly supported coherent sheaves on P˜δ will be numerical equivalence
classes in
Γcpt(P˜δ) = K
0
cpt(P˜δ)/K
0(P˜δ)
⊥, (3.15)
where
K0(P˜δ)
⊥ =
{
κ ∈ K0cpt(P˜δ) | (κ, γ) = 0, ∀γ ∈ K0(P˜δ)
}
.
For future reference, let
Γ(P˜δ) = K
0(P˜δ)/K
0
cpt(P˜δ)
⊥
be defined analogously. Then (3.14) descends to a nondegenerate bilinear pairing
χ : Γ(P˜δ)× Γcpt(P˜δ)→ Z. (3.16)
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Note that similar definitions apply equally well to P , resulting in a nondegenerate bilinear
pairing
Γ(P )× Γcpt(P )→ Z.
Since π : P → C is the total space of a line bundle over C, Γ(P ) is generated by the line
bundle classes
[OP ], [OP (f)]
where f = π−1(p) is a fiber of π over a generic point p ∈ C \D. The compactly supported
lattice Γcpt(P ) is generated by the sheaf classes
[Oσ], [O℘]
where ℘ ∈ P is a generic point, π(℘) ∈ C \D.
Then an explicit presentation of Γ(P˜δ), Γcpt(P˜δ) follows from [40, Thm. 2], which proves
a structure result for the derived category Db(P˜δ). According to loc. cit. D
b(P˜δ) admits a
semiorthogonal decomposition
Db(P˜δ) = 〈η∗(Db(P )), T li,j〉 (3.17)
where T li,j are extensions by zero of standard line bundles on the exceptional divisors Ξi,j ≃
P[si,j, 1]:
T li,j = OΞi,j (l), 0 ≤ l ≤ si,j − 1.
Here OΞi,j (l) denotes the l-th power of the line bundle OΞi,j(1) on the weighted projective
line P[si,j, 1]. In the present context, OΞi,j (−1) is the restriction:
OΞi,j (−1) ≃ OP˜δ(Ξi,j)
∣∣
Ξi,j
(3.18)
on Ξi,j , as shown in the proof of [40, Prop. 3].
In the following it will be more convenient to work with the alternative K-theory gener-
ators
Qli,j = T si,j−l−1i,j ⊗P˜δ OP˜δ(KP˜δ). (3.19)
Using (3.11), (3.13) and (3.18), one has an isomorphism
Qli,j ≃ OΞi,j (−l − 1) (3.20)
for all (i, j) and all 0 ≤ l ≤ si,j − 1, since η∗Pi
∣∣
Ξi,j
= 0. The semiorthogonal decomposition
(3.17), implies that Γ(P˜δ) is generated by the numerical equivalence classes of the sheaves
η∗OP = OP˜δ , η∗OP (f), Qli,j .
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Now suppose G˜ is a (nonzero) pure dimension one sheaf on P˜δ with compact support.
Then the discrete invariants of G˜ will be defined as
n(G˜) = χ(η∗OP , G˜), r(G˜) = n(G˜)− χ(η∗OP (f), G˜), dli,j(G˜) = −χ(Qli,j , G˜) (3.21)
with 1 ≤ i ≤ k, 1 ≤ j ≤ ℓi, 0 ≤ l ≤ si,j − 1. Note that η∗G˜ is a compactly supported
torsion sheaf on P , which is pure dimension one on the complement P \ ∪ki=1Pi. Then it is
straightforward to check that ch1(η∗G˜) = r(G˜)σ, and
r(G˜) = χ(OP , η∗G˜⊗P Of ) > 0, (3.22)
for a generic fiber f disjoint from Pi, 1 ≤ i ≤ k.
Next suppose in addition that G˜ has compact support in S˜δ ⊂ P˜δ, therefore disjoint from
the strict transforms P ′i , 1 ≤ i ≤ k of the marked fibers. Then, as shown below, there is a
relation of the form
r(G˜) =
ℓi∑
j=1
si,j−1∑
l=0
dli,j (3.23)
for each 1 ≤ i ≤ k. In conclusion the discrete invariants of such sheaves can be labelled by
(n(G˜), dli,j(G˜)), keeping in mind that they satisfy relations (3.23).
Using the isomorphism OP˜δ(Ξi,j)|Ξi,j ≃ OΞi,j (−1) and equations (3.20), each Qli,j has a
locally free resolution
0→ OP˜δ(lΞi,j)→ OP˜δ((l + 1)Ξi,j)→ Qli,j → 0.
This yields
dli,j = χ(OP˜δ(lΞi,j), G˜)− χ(OP˜δ((l + 1)Ξi,j), G˜).
Summing the above relations from l = 0 to l = si,j − 1 yields
si,j−1∑
l=0
dli,j = χ(OP˜δ , G˜)− χ(OP˜δ(si,jΞi,j), G˜) = χ(OP˜δ , G˜⊗P˜δ Osi,jΞi,j )
Since the support of G is disjoint from the strict transforms P ′i for each 1 ≤ i ≤ k, summing
the above relation from j = 1 to j = ℓi and using relation (3.11), one obtains
ℓi∑
j=1
si,j−1∑
l=0
dli,j = χ(OP˜δ , G˜⊗P˜δ Oη∗Pi) = χ(OP˜δ , G˜⊗P˜δ Oη∗f).
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Since η∗Pi is linearly equivalent with the η
∗f , for f an arbitrary fiber of P over C \ D, it
follows that
ℓi∑
j=1
si,j−1∑
l=0
dli,j = χ(OP˜δ , G˜⊗P˜δ Oη∗f ).
Using relations (3.22), this implies relation (3.23).
For the spectral cover construction one also needs a suitable stability condition for the
torsion sheaves G˜. This will be a twisted stability condition depending on a function β :
K0cpt(S˜δ) → R, which should be regarded as the real part of a Bridgeland stability function
on the K-theory of P˜δ. The resulting twisted stability condition should be regarded as the
specialization of a Bridgeland stability condition to dimension one sheaves. In string theory,
β is the expectation value of the orbifold flat B-field on S˜δ.
For any nontrivial pure dimension sheaf G˜ as above define the twisted slope
µβ(G˜) =
χ(G˜) + β([G˜])
d(G˜)
.
Such a sheaf will be called (ω, β)-(semi)stable if
µ(ω,β)(G˜
′) (≤) µ(ω,β)(G˜)
for any proper nontrivial subsheaf 0 ⊂ G˜′ ⊂ G˜.
In order to conclude this section, note that the above construction is especially simple
in the case where all si,j = 1. Then the surface P˜q is just the standard scheme theoretic
blow-up of P at the points ℘i,j.
3.3 Equivalence of moduli stacks
We now summarize the constructions made up to this point and state the main claim.
3.3.1 The parabolic moduli stack
The stack Hssξ (C,D;m, e, α) was constructed in section 2.3. It is the moduli stack of
semistable ξ-parabolic Higgs bundles on C with poles on the divisor D =
∑k
i=1 pi and
with discrete invariants m = (mi,a), weights α = (αi,a), 0 ≤ a ≤ si − 1, 1 ≤ i ≤ k and
degree e. Here si is the number of steps in the parabolic filtration at point pi, and the
m = (mi,a) specify the type of the flag, as in section 2.1: the dimension of the flag spaces V
a
i
are determined by equation (2.2), namely: dim (V ai /V
a+1
i ) = mi,a, 0 ≤ a ≤ si − 1. Finally,
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ξ = (ξi) = (ξ
a
i ) specifies the residues of the Higgs fields on the subquotients V
a
i /V
a+1
i , with
ξi =
(
ξ0i , . . . , ξ
si−1
i
) ∈ KC(D)⊕sipi .
3.3.2 Some combinatorics
For each i, 1 ≤ i ≤ k, let {℘i,j, j ∈ Ji} be the set consisting of the ξai (ignoring multiplicities),
and let ℓi be the cardinality of the index set Ji. The relation ℘i,(a) = ξ
a
i determines a natural
map  : {0, . . . , si − 1} → Ji. Let si,j be the number of a’s that map to a given j, and
denote the set of such a’s, in increasing order: {a0ij , . . . , asij−1ij } = {ali,j | l ∈ Si,j}, where
Si,j = {0, . . . , si,j − 1}. There is a natural bijection a : ⊔j∈JiSi,j → {0, . . . , si − 1} sending
(j, l) 7→ alij . In particular
∑
j∈Ji
si,j = si. The composition  ◦ a sends Si,j to j.
3.3.3 The symplectic orbifold surface
The orbi-surface S˜δ was constructed in the beginning of section 3.2. We start with the total
space P of the line bundle KC(D) on C, and in the fiber Pi above each marked point pi ∈ C
we fix a divisor δi =
∑ℓi
j=1 si,j℘i,j consisting of ℓi ≥ 1 points ℘i,j , 1 ≤ j ≤ ℓi, with assigned
multiplicities si,j ≥ 1. We then consider the stack theoretic weighted projective blowup P˜δ
of P at the ℘i,j with weights (sij, 1). It is a smooth orbifold surface containing a unique
orbifold point above each ℘i,j. Our symplectic orbifold surface S˜δ is then obtained from this
as the complement S˜δ = P˜δ \ ∪ki=1P ′i , where P ′i is the proper transform of the fiber Pi.
3.3.4 The orbifold spectral stack
The stack Mssβ (S˜δ, {dli,j}, n) was also constructed in section 3.2. It is the moduli stack
of compactly supported β-semistable pure dimension one sheaves G˜ on S˜δ with discrete
invariants
n(G˜) = χ(OS˜δ , G˜) = n, dli,j(G˜) = χ(Oli,j , G˜) = dli,j
for 1 ≤ i ≤ k, 1 ≤ j ≤ ℓi, 0 ≤ l ≤ si,j. For the purpose of the spectral construction, the
twisted stability condition will be specified by a function β : Γcpt(P˜δ)→ R,
β(γ) =
∑
i,j,l
βli,jχ(Qli,j , γ) (3.24)
with βli,j ∈ R.
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3.3.5 Equivalence of moduli stacks.
Our main result is:
There is an isomorphism of stacks
Hssξ (C,D;m, e, α) ≃Mssβ (S˜δ, {dli,j}, n), (3.25)
where the labels on the right hand side are determined by those on the left:
• The Ji, the si,j, and the map a : ⊔j∈JiSi,j → {0, . . . , si − 1} are determined by the
combinatorics of the ξi as above.
• β is determined by: βli,j := αi,a(j,l)
• δ = (δi), where δi =
∑
j∈Ji
si,j℘i,j
• dli,j = mi,a(j,l)
• n = e + r(g − 1).
3.4 Outline of the proof
The construction of a natural morphism from pure dimension sheaves on S˜δ to ξ-parabolic
Higgs bundles is sketched below. An inverse morphism can be constructed in principle using
methods analogous to [3]. The details of this construction and a complete proof of the above
stack isomorphism will appear elsewhere.
Let β : Γcpt(S˜δ) → R be a stability function of the form (3.24). Suppose {βli,j | 1 ≤ j ≤
ℓi, 0 ≤ l ≤ si,j − 1} are pairwise distinct for each 1 ≤ i ≤ k, and satisfy the inequalities
0 < β0i,j < β
1
i,j < · · · < βsi,j−1i,j < 1 (3.26)
independently, for each fixed values 1 ≤ i ≤ k, 1 ≤ j ≤ ℓi.
Such a function β determines a collection of combinatorial data as defined in Section 3.3.2.
Since the βli,j are assumed pairwise distinct for each i, there is a bijection a : ⊔j∈JiSij →
{0, . . . , si − 1} defined by
a(j, l) = |{βl′i,j′ < βli,j}|.
Here |A| denotes the cardinality of the finite set A. One also has the function
j := p ◦ a−1 : {0, . . . , si − 1} → Ji
28
where
p : ⊔j∈JiSij → Ji
is the natural projection.
Suppose G˜ is a β-stable pure dimension one sheaf on P˜δ with compact support in S˜δ.
Using the spectral correspondence in Section 2.2, it suffices to construct a stable parabolic
pure dimension sheaf F on P with parabolic structure along the marked fibers Pi, 1 ≤ i ≤ k.
By pushforward along π : P → C, one will then obtain a stable ξ-parabolic bundle on C
with combinatorial data a,  at each marked point.
Let F = η∗G˜, which is a pure dimension one sheaf with compact support on P . For each
1 ≤ j ≤ ℓi there is a canonical filtration
0 ⊂ G˜(−si,jΞi,j) ⊂ · · · ⊂ G˜(−Ξi,j) ⊂ G˜ (3.27)
of OP˜δ -modules. Moreover, relations (3.11) yield an isomorphism
F (−Pi) ≃ η∗(G˜⊗P˜δ η∗OP (−Pi)) ≃ η∗G˜(−Ξi)
where Ξi =
∑ℓi
j=1 si,jΞi,j. Therefore for fixed (i, j) the filtration (3.27) yields a filtration
0 ⊂ F (−Pi) ⊂ η∗G˜(−(ri,j − 1)Ξi,j) ⊂ · · · ⊂ η∗G˜(−Ξi,j) ⊂ F. (3.28)
Taking quotients one obtains a sequence of surjective morphisms
F |Pi ։ F si,j−1i,j ։ · · ·։ F 1i,j (3.29)
for each pair (i, j).
The sequences (3.29) are then assembled into the following quasi-parabolic structure
along Pi:
F |Pi ։ F si−1i ։ · · ·։ F 1i ։ F 0i = 0 (3.30)
where
F ai =
⊕
j∈Ji, 0≤l≤sij−1
a(j,l)≤a
F li,j .
The epimorphisms in (3.30) are canonically determined by those in (3.29). Using the weights
αi,a = β
l
i,j with a(j, l) = a, one obtains a parabolic pure dimension one sheaf F on P , as
claimed above.
As stated above, compatibility with stability conditions and the construction of the in-
verse morphism will be left for future work.
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4 Orbifold stable pairs and parabolic ADHM sheaves
This section introduces stable pair invariants of local orbifold curves and explains their
relation with parabolic ADHM sheaves on ordinary curves.
Let C be a smooth projective curve over C, D =
∑k
i=1 pi a reduced effective divisor on
C. Let C˜ be a root stack as in Section 3.1 with stabilizers µsi, 1 ≤ i ≤ k at each marked
point. Let X˜ be the total space of a rank two bundle M˜1⊕ M˜2 on C˜, where M˜1, M˜2 are line
bundles such that M˜1 ⊗C˜ M˜2 ≃ KC˜ . Hence X˜ is a smooth Calabi-Yau three dimensional
Deligne-Mumford stack with generically trivial stabilizers.
A stable pair on X˜ will be defined as a pair (F˜ , s˜) where
• F˜ is a pure dimension one sheaf with proper support, finite-to-one over C˜, and
• s˜ : OY → F˜ is a section with zero dimensional cokernel.
The string theoretic derivation of the HLRV formula is based on a relation between
orbifold stable pairs and parabolic Higgs bundles which generalizes the similar relation found
in [12, 11] for ordinary Higgs bundles. In order to understand this relation in detail, note
that stable pairs on X˜ admit a presentation in terms of ADHM sheaves on the orbicurve C˜
by analogy with [16].
An ADHM sheaf on a curve C with coefficient line bundles M1,M2 was defined [16] as a
collection (E,Φ1,Φ2, φ, ψ) where E is a vector bundle on C and Φj : E → E ⊗Mj , j = 1, 2
, φ : E →M1 ⊗C M2, ψ : OC → E are morphisms of sheaves satisfying the ADHM relation
(Φ1 ⊗ 1M2) ◦ (Φ2)− (Φ2 ⊗ 1M1) ◦ Φ1 + (ψ ⊗ 1M1⊗CM2) ◦ φ = 0. (4.1)
Such an object E = (E,Φ1,Φ2, φ, ψ) is called asymptotically stable if the restriction E|x
is a cyclic ADHM quiver representation for all but finitely many closed points x ∈ C.
Equivalently, the subsheaf Im(ψ) ⊂ E generates E as a quiver sheaf at all closed points
x ∈ C except a finite set.
The above definitions admit a straightforward generalization to an orbicurve C˜ equipped
with two line bundles M˜1, M˜2. By analogy with [16, Sect. 7] one obtains an isomorphism
between the moduli space of stable pairs on X˜ and the moduli space of asymptotically stable
orbifold ADHM data on C˜. Moreover, these moduli spaces carry natural perfect obstruction
theories, which are also identified by this isomorphism. The details are not essential for the
main goals of this paper and will be omitted. Instead it will be helpful to note that for
certain choices of the line bundles M˜1, M˜2 orbifold stable pairs are further identified with
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parabolic ADHM sheaves on the ordinary curve C. This second identification also provides
an efficient construction of the perfect obstruction theory, as shown below.
4.1 ADHM parabolic structure
Suppose M˜1 = ν
∗M−1, M˜2 = KC˜ ⊗C˜ ν∗M for a line bundle M on C. In this case X˜ will be
denoted by Y˜M as in Section 1.2.
Using the correspondence in Section 3.1, an ADHM sheaf E˜ on C˜ with coefficients
(M˜1, M˜2) corresponds to an ADHM sheaf E on C with coefficient line bundles M1 = M−1,
M2 = KC ⊗C M(D). Moreover, one obtains a flag E•i in the fiber of E at each marked point
satisfying natural compatibility conditions with the two Higgs fields Φ1 : E → E ⊗C M−1,
Φ2 : E → E ⊗C KC ⊗C M(D). This yields the following definition for (quasi-)parabolic
ADHM sheaves.
A quasi-parabolic ADHM sheaf on C of type m is a collection (E•,Φ1,Φ2, φ, ψ), where
(a) E• is a quasi-parabolic bundle on C of type s.
(b) Φ1 : E → E ⊗M1 and Φ2 : E → E ⊗ M2(D) are morphisms of sheaves such that
Φ1|pi : Epi → Epi is parabolic and Φ2|pi : E(D)|pi → E ⊗C M2(D)|pi is strongly
parabolic for all 1 ≤ i ≤ k.
(c) φ : E → M1 ⊗C M2, ψ : OC → E are morphisms of sheaves such that the following
relation is satisfied
(Φ1 ⊗ 1M2(D)) ◦ (Φ2)− (Φ2 ⊗ 1M1) ◦ Φ1 + ((sD ◦ ψ)⊗ 1M1⊗CM2) ◦ φ = 0. (4.2)
A collection of data satisfying the above conditions will be denoted E•.
By analogy with the Higgs bundle case, a parabolic ADHM sheaf will be defined as a
quasi-parabolic object E• equipped with weights α = (αi)1≤i≤k satisfying conditions (2.6).
Generalizing the results of [17], parabolic ADHM sheaves admit natural stability condi-
tions depending on a stability parameter δ ∈ R. For a nonzero parabolic bundle (E•, α),
define the δ-parabolic slope by
µδ(E
•, α) =
δ + χ(E•, α)
rk(E)
,
where χ(E•, α) is given in (2.9). Recall that the parabolic slope µ(E•, α) was defined in
(2.8).
Then a parabolic ADHM sheaf (E•, α) is δ-(semi)stable if the following conditions hold
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(i) Any proper nontrivial saturated subsheaf 0 ⊂ E ′ ⊂ E preserved by Φ1,Φ2 and con-
tained in Ker(φ) satisfies
µ(E ′
•
, α) ≤ δ + χ(E
•, α)
rk(E)
(ii) Any proper nontrivial saturated subsheaf 0 ⊂ E ′ ⊂ E preserved by Φ1,Φ2 containing
Im(ψ) satisfies
δ + χ(E ′•, α)
rk(E ′)
(≤) δ + χ(E
•, α)
rk(E)
There is also a natural duality transofrmation for parabolic ADHM sheaves, generalizing
the one introduced in [17] for ADHM sheaves. Given a parabolic ADHM sheaf (E•, α)
let E denote its underlying ADHM sheaf, forgetting the parabolic structure. Let Eˇ =
(Eˇ, Φˇ1, Φˇ2, φˇ, ψˇ) denote the dual of E defined in [17, Sect 2.1]. Note that Eˇ = E∨⊗CM1⊗CM2
and the morphism data (Φˇ1, Φˇ2, φˇ, ψˇ) is naturally determined by (Φ1,Φ2, φ, ψ).
Next note that given a flag E•i in the fiber Epi, one can define a dual flag in the fiber
E∨pi. Each subspace E
a
i ⊂ Epi determines a locally free sheaf F ai = Ker(E ։ Epi/Eai ⊗Opi)
on C, which yields a filtration
0 ⊂ E(−pi) = F si ⊆ F s−1i ⊆ · · · ⊆ F 1i ⊆ F 0i = E.
The dual filtration yields a flag
0 = (E∨)0i ⊆ (E∨)1i ⊆ · · · ⊆ (E∨)s−1i ⊆ (E∨)si = (E∨)pi,
hence also a flag Eˇ•i on Eˇpi by taking tensor product with M1 ⊗C M2. It is straightforward
to check that successive quotients of the dual flag have dimensions
mˇi,a = mi,si−a−1
for 0 ≤ a ≤ si − 1. Moreover the morphisms Φˇ1, Φˇ2 and the filtrations Eˇ•i satisfy naturally
condition (b) in Section 4.1.
In conclusion the data (Eˇ•, Φˇ1, Φˇ2, φˇ, ψˇ) determines a quasi-parabolic ADHM sheaf with
numerical invariants (mˇ, −e + r(deg(M1) + deg(M2)). In addition, let αˇi,a = −αi,si−1−a for
1 ≤ i ≤ k, 0 ≤ a ≤ si − 1. Then it easily follows that the parabolic ADHM sheaf (Eˇ•, αˇ)
is δ-(semi)stable if and only if (E•, α) is (−δ)-(semi)stable. Note that the dual parabolic
weights αˇ defined here differ from the usual conventions in the literature, where they are
defined as 1− αi,si−1−a in order to bring them in the range [0, 1).
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4.2 Moduli spaces and counting invariants
Moduli spaces of δ-semistable parabolic ADHM sheaves are constructed by analogy with
[16, 17], using the boundedness results for parabolic sheaves proven in [47]. Repeating the
arguments of [16, 17] in the parabolic framework, one obtains a moduli an algebraic moduli
stack PMssδ (C,M1,M2, D;m, e, α) of δ-semistable ADHM sheaves with discrete invariants
(m, e) and parabolic weights α.
Varying δ ∈ R for fixed α yields a finite chamber structure on the real axis analogous
to the one studied in [17]. For sufficiently large stability parameter, δ-stability reduces to
asymptotic stability [17, Def. 4.5] of the underlying ADHM sheaf, forgetting the parabolic
structure. This condition is completely independent of the parabolic weights, hence the
moduli space in the asymptotic chamber will be denoted by PM∞(X,M1,M2, D;m, e).
Let also M∞(X,M1,M2(D); r, e) denote the moduli space of space of asymptotically
stable ADHM sheaves without parabolic structure and with fixed numerical invariants (r, e).
Then note that there is a proper morphism
PM∞(X,M1,M2, D;m, e)→M∞(X,M1,M2(D); r, e) (4.3)
forgetting the flags at the marked points. Properness follows from the fact that for fixed
morphisms (Φ1,Φ2, φ, ψ) the moduli space of collections of flags (E
•
pi
)1≤i≤k compatible with
the ADHM data is proper.
Note also that the stability condition for parabolic ADHM takes a special form in the
asymptotic chamber δ << 0 as well. Keeping the numerical invariants (m, e) parabolic
weights α fixed a sheaf (E•, α) is δ-semistable for δ << 0 if and only its dual (Eˇ•, αˇ) is
assymptotically stable.
In order to define parabolic virtual invariants, the moduli space must be equipped with
a perfect obstruction theory. This is carried out in analogy with [16, Sect. 5] using known
results on the deformation theory of parabolic Higgs bundles [58, 63]. A concise summary
of such results is provided in [23, Sect. 2.2].
By analogy with the non-parabolic case, [16, Sect. 4.1], the deformation complex of a
parabolic ADHM sheaf E• is the three term complex of amplitude [0, 2]
0→ C0(E•)→ C1(E•)→ C2(E•)→ 0 (4.4)
where
C0(E•) = PEndC(E•)
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C1(E•) =PEndC(E•)⊗M1 ⊕ SPEndC(E•)⊗M2(D)
⊕HomC(OC , E)⊕HomC(E,M1 ⊗C M2)
C2(E•) = SPEndC(E•)⊗M1 ⊗C M2(D).
The differentials are the same as in [16, Def. 4.3], but their explicit form will not be needed in
the following. The main technical result needed in the construction of a perfect obstruction
theory requires the hypercohomology groups Hi(C(E•)) to vanish for i ≤ 0 as well as i ≥ 3.
This follows by analogy with [16, Lemma 4.10] using the duality relation (2.5). Then the
existence of a perfect obstruction theory follows by the same formal arguments as in [16,
Sect. 5]. Furthermore, it is important to note that the resulting perfect obstruction theory
is symmetric provided that M1 ⊗C M2 ≃ KC .
Finally, since the moduli spaces are noncompact, parabolic invariants will be defined by
equivariant virtual integration with respect to a torus action with compact fixed locus. For
asymptotically stable parabolic ADHM sheaves, such an action is again obtained by analogy
with [16, Sect 3]. Namely, T = C× × C× acts by
(t1, t2)× (E•,Φ1,Φ2, φ, ψ) 7→ (E•, t1Φ1, t2Φ2, t1t2φ, ψ). (4.5)
Compactness of the fixed locus follows from [16, Prop. 3.1] and the observation that the
proper forgetful morphism (4.3) is equivariant.
Motivic and refined invariants will be defined using the theory of Kontsevich and Soibel-
man [42] and assuming all the required foundational results. The refined parabolic ADHM in-
variants will be denoted by Aδ(m, e, α; y). The asymptotic ones will be denoted by A±∞(m, e; y).
The duality transformation introduced at the end of Section 4.1 yields relations of the form
A−δ(m, e, α; y) = Aδ(mˇ, eˇ, αˇ; y) (4.6)
where
mˇi,a = mi,si−1−a, αˇi,a = −αi,si−1−a, eˇ = −e + 2r(g − 1).
for all 1 ≤ i ≤ k, 0 ≤ a ≤ si − 1.
In conclusion, one obtains a series of asymptotic refined invariants
ZrefADHM(q, x, y) =
∑
n∈Z
∑
m
A∞(m, e; y)q
e−r(g−1)
k∏
i=1
x
mi
i (4.7)
for some formal variables x =
(
x1, . . . , xk
)
, xi = (xi,0, . . . , xi,si−1), 1 ≤ i ≤ k. As explained
in the paragraph preceeding Section 4.1, generalizing the results of [16], the above series is
identical with the left hand side Zref
Y˜M
(q, x, y) of equation (1.4).
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5 Geometric engineering, Hilbert schemes and Mac-
donald polynomials
A conjectural formula for the refined stable pair theory of the orbifold Y˜ is derived in this
section by geometric engineering. Using IIA/M-theory duality, stable pair invariants are
related to degeneracies of BPS wavefunction in D-brane quiver quantum mechanics, which are
counted by equivariant K-theoretic invariants as in [53]. Similar results have been obtained
in [37, 43, 19, 53, 33, 34, 20, 32, 41, 44, 35], where the resulting quantum mechanical system
describes instanton particles in five dimensional gauge theories. As shown in Section 5.2,
in the present case one obtains a moduli space of parabolic ADHM quiver representations
which can be identified with a nested Hilbert scheme of points in the complex plane. The
quantum mechanical partition function is the generating function for equivariant K-theoretic
invariants given in equation (5.6). The main result of this section is formula (5.18) expressing
this partition function in terms of Macdonald polynomials.
5.1 Orbifold stable pairs in string theory
In this section, Y˜ will be the total space of a rank two bundle ν∗M−1 ⊕ KC˜ ⊗ µ∗M as in
Sections 1.2, 4.1. The subscript M used in Sections 1.2, and 4.1 will be suppressed for
brevity.
From a string theory perspective, the refined stable pair invariants of Y˜ are identified
with BPS degeneracies of D6-D2-D0 bound states in the IIA vacuum Y˜ ×R1,3. This theory
will be called IIA(1). As explained below, a chain of string duality transformations relates
such BPS states with D6-D2-D0 bound states in a different type IIA background of the form
T ∗C˜ × TN1 × R1,1, where TN1 is the one center Taub-NUT manifold. This theory will be
called IIA(2).
Applying a Wick rotation in the IIA(1) theory and making the time direction periodic
results in a background geometry Y˜ × R3 × S1T . For configurations with a single D6-brane
on Y˜ , lifting IIA(1) to M-theory produces the eleven dimensional vacuum Y˜ × TN1 × S1T .
Note that there is a fiberwise circle action S1M × Y˜ → Y˜ which scales the two line bundles
L˜1, L˜2 with opposite weights leaving the 0-section pointwise fixed. Reducing the theory along
the orbits of this action yields the theory with underlying geometry T ∗C˜ × TN1 × R× S1T .
Since the fixed locus of S1M -action on Y˜ is the 0-section, in the new duality frame there
is a D6-brane supported on the submanifold C˜ × TN1 × {0} × S1T , where C˜ is embedded
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in T ∗C˜ as the 0-section. Note also that the IIA(2) geometric background does not depend
on the line bundle M used in the construction of Y˜ . By analogy with previous examples
studied in the literature [33, 34, 20, 44, 57, 35] this dependence is expected to be encoded
in the level n of the Chern-Simons coupling in the efffective five dimensional gauge theory
on the D6-brane wrapped on C˜ × TN1 × S1T , which is related by duality to the level of the
five dimensional space-time Chern-Simons coupling in M-theory. In the IIA(2) string theory,
n is determined by the Ramond-Ramond flux
∫
C˜
G2 = n via standard D-brane couplings.
Inspecting the examples in loc. cit., for smooth local genus zero curves, the Chern-Simons
level is given by n = deg(M)−1. This formula was extended to n = g−1+deg(M) for local
genus g curves in [12, 11]. Here one needs a further generalization for local orbifold curves,
which have never been studied in this context before. The solution to this string duality
puzzle follows from the observation that n is invariant under continuous deformations of the
M-theory vacuum Y˜ × TN1 × S1T . Such deformations connect the present orbifold vacuum
to a smooth geometric vacuum obtained by resolving the quotient singularities of the coarse
moduli space Y of Y˜ . The resolution Ŷ → Y contains a local genus g curve isomorphic to
C in addition with exceptional (0,−2) rational curves which play no role in this argument.
This leads to the conclusion that that the value of n in the present orbifold vacuum must be
the same as that found in [12, 11] for local genus g curves i.e.
n = g − 1 + deg(M). (5.1)
The above derivation is not rigorous, hence it should be regarded as a conjecture. The
explicit computations in Section 8 provide ample evidence for this formula.
As in [18], D6-D2-D0 configurations in IIA(1) theory lift to spinning M2-branes in the
M-theory. Since such states carry no momentum along the orbits of the fiberwise S1M -action,
they reduce to D2-brane supported on the zero section C˜ in the the IIA(2) vacuum with zero
D0-brane charge. In conclusion one is left with a D6-D2 configuration in the IIA background
T ∗C˜ ×TN1×R×S1T consisting of one non-compact D6-brane on C˜×TN1×S1N and a stack
of D2-branes with some multiplicity r ≥ 1 supported on C˜ × S1T . The Chan-Paton bundle
on the D2-branes is topological trivial since these configurations carry no D0-brane charge.
This chain of duality transformations relates orbifold stable pair invariants in the original
IIA(1) theory with D6-D2 supersymmetric bound states in the new IIA vacuum. The latter
are counted by the partition function of the D2-brane low energy theory, which is a topolog-
ical gauge theory on C˜ × S1T . The topological twist is determined by the normal bundle of
the zero section C˜ in T ∗C˜, which is isomorphic to KC˜ . Using the topological symmetry, the
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background manifold can be changed from T ∗C˜ × TN1 × S1T to T ∗C˜ × C2 × S1T leaving the
BPS degeneracies invariant. Moreover, in order to detect the spin quantum numbers in the
M-theory framework, the D6-D2 theory must be placed in an Ω-background [53] determined
by the natural C× × C× scaling action on C2.
5.2 From D-branes to nested Hilbert schemes
The next goal is to count BPS states of the above D6-D2 system on T ∗C˜ × C2 × R. As
explained above, the D2-brane low energy effective theory is a topologically twisted N = 4
three dimensional gauge theory on C˜ × S1T . By analogy with the five dimensional situation,
[53] the topological partition function counts BPS states of vortex particles on C˜. Mathe-
matically, these are holomorphic sections of a certain bundle of fermionic zero modes on the
vortex moduli space. Hence, taking into account the Ω-background along C2, the partition
function will be generating function for equivariant K-theoretic invariants of the moduli
space.
The field content of the D2-brane low energy theory consists of two adjoint chiral multi-
plets A˜1, A˜2 corresponding to fluctuations in the untwisted normal directions, and an adjoint
valued one-form A˜3 on C˜ corresponding to fluctuations in the normal directions to C˜ in T
∗C˜.
In addition, the D2-D6 open string sector yields two extra chiral multiplets I˜ , J˜ in the fun-
damental, and anti-fundamental representation of the gauge group. BPS vortex solutions
are field configurations in this gauge theory satisfying F and D-flatness constraints.
Using Hitchin-Kobayashi correspondence for quiver bundles [1], gauge equivalence classes
of BPS vortex solutions are in one-to-one correspondence with isomorphism classes of holo-
morphic data (E˜, A˜1, A˜2, A˜3, I˜ , J˜) satisfying the F -term equations and a stability condition
determined by the D-term constraints. Namely, E is a holomorphic vector bundle on C˜ and
A˜1, A˜2 : E˜ → E˜, A˜3 : E˜ → E˜ ⊗C˜ KC˜ , I˜ : OC˜ → E˜, J˜ : E˜ → OC˜
are morphisms of sheaves on C˜. The F term equations yield conditions of the form
[A˜1, A˜2] + I˜ J˜ = 0, [A˜3, A˜1] = [A˜3, A˜2] = 0, A˜3I˜ = 0, J˜ A˜3 = 0. (5.2)
Note that the data E˜ = (E˜, A˜1, A˜2, I˜, J˜) determines an ADHM sheaf with trivial coefficient
line bundles on the orbifold C˜, while A˜3 is an extra field. The D term constraints yield
a stability condition for (E˜ , A˜3) via Hitchin-Kobayashi correspondence, which depends on
a Fayet-Iliopoulos parameter. Then a straightforward computation shows that for suitable
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values of this parameter the stability condition requires E˜ to be an asymptotically stable
ADHM sheaf on C˜ as defined in Section 4. In this case, it is also straightforward to prove
that any field A˜3 satisfying the F term equations (5.2) must be identically 0. The details
will be omitted for brevity.
In conclusion, with a suitable choice of FI parameters, the vortex moduli spaces in the
quiver gauge theory on D2 branes are isomorphic to moduli spaces of asymptotically stable
ADHM sheaves on the orbifold C˜ with trivial coefficient line bundles. According Section 4,
such orbifold ADHM sheaves are identified with stable ADHM sheaves E• = (E,A1, A2, I, J)
on C where E is equipped with a parabolic structure E• along D. Since the coefficient line
bundles are trivial, the Higgs fields A1, A2 : E → E are required to preserve the flag at each
point pi, 1 ≤ i ≤ k. Moreover the ADHM stability condition implies that J is identically
zero. In addition, as explained in the previous section, the bundle E must be topologically
trivial.
In appendix A it is shown that a degree 0 asymptotically stable ADHM sheaf E of
arbitrary rank r ≥ 1 on C must have underlying bundle E ≃ O⊕rC . This implies that all
morphisms A1, A2, I are constant maps, hence the moduli space of such sheaves is isomorphic
to the moduli space of stable ADHM data
(A1, A2, I, 0) ∈ End(Cr)⊕2 ⊕Hom(C,Cr). (5.3)
The ADHM stability condition forbids the existence of linear subspaces 0 ( V ( Cr pre-
served by A1, A2 and containing the image of I. Two such data are equivalent if they are
related by the natural action GL(r,C) action.
Since asymptotic stability for parabolic ADHM sheaves reduces to asymptotic stability
of the underlying ADHM sheaf, adding the parabolic structure yields a moduli space of data
(A1, A2, I, 0;V
•
i )1≤i≤k where
• (A1, A2, I, 0) is a stable ADHM data
• V •i is a flag in Cr of type mi preserved by A1, A2 for all 1 ≤ i ≤ k.
Again two such data are equivalent if they are related by the natural GL(r,C) action.
For the remaining part of this section suppose there is a single marked point p ∈ C, and
the flag at p is of the form
0 = Er ⊆ Er−1 ⊆ · · · ⊆ E0 = Ep, (5.4)
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where r = rk(E). Such flags are not neccessarily full since the inclusions are not required to
be strict. However let aı ∈ 0, . . . , r − 1, 0 ≤ ı ≤ ℓ be the values of 0 ≤ a ≤ r − 1 such that
maı > 0. Then one can canonically associate a flag
0 ( Eℓ ( · · · ( E1 ( E0 = Ep
to the flag (5.4) such that all inclusions are strict and the discrete invariants are dimEı/Eı+1 =
maı for 0 ≤ ı ≤ ℓ. This will be called the minimal flag associated to E•. It is clear that the
moduli space of asymptotically stable parabolic ADHM data depends only on the ordered
sequence γ = (maı)0≤ı≤ℓ, hence it will be denoted byM(γ). The entries of γ will be denoted
by γı = maı , 0 ≤ ı ≤ ℓ, in the following.
The moduli space M(γ) is identified in [4] with a nested Hilbert scheme of points in
C2 using the ADHM construction. Given an ordered sequence γ = (maı)0≤ı≤ℓ of positive
integers as above, let N (γ) denote the Hilbert scheme parameterizing flags of ideal sheaves
0 ⊂ Iℓ ⊂ · · · ⊂ I0 (5.5)
of zero dimensional subschemes Zı ⊂ C2 with
χ(OZı) =
ı∑
=0
γ
for each 0 ≤ ı ≤ ℓ. Then, according to [4], there is an isomorphism of moduli spaces
M(γ) ≃ N (γ).
5.3 K-theoretic partition function
By analogy with [12, 11], the K-theoretic partition function for fixed numerical invariants
γ will be the equivariant Hirzebruch genus of a bundle V(γ) on N (γ) with respect to the
T = C× × C× action induced by the scaling action on C2. On general grounds, V(γ) is the
bundle of fermion zero modes on the moduli space twisted by a line bundle determined by the
space-time Chern-Simons coupling in M-theory [57]. As shown in Appendix B, the bundle of
zero modes is simply the pullback η∗
(
T ∗Hr)⊕g via the natural projection η : N (γ)→ Hr to
the Hilbert scheme of r points in C2. According to [57], the twisting line bundle is η∗det(V)n,
where V is the tautological bundle on the Hilbert scheme and n is the Chern-Simons level
given in equation (5.1). For completeness note that V is the pushforward of the structure
sheaf of the universal subscheme Z ⊂ Hr × C2 to Hr. In conclusion,
V(γ) ≃ η∗Vg,p, Vg,p =
(
T ∗Hr)⊕g ⊗ det(V)g−1+p,
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and the K-theoretic partition function is given by
Z(r)K (q1, q2; y˜, x˜) =
∑
m=(m0,...,mr−1)∈Z≥0,
m0+···+mr−1=r
χTy˜ (V(γ(m)))
r−1∏
a=0
x˜maa (5.6)
where χTy˜ is the T-equivariant Hirzebruch genus. For any collection m = (m0, . . . , mr−1)
of nonnegative integers, γ(m) denotes the sequence of distinct values in m defined below
equation (5.4).
The above partition function will be expressed in terms of Macdonald polynomials in
Section 5.5. The next subsection summarizes the geometric results needed in that computa-
tion.
5.4 Nested and isospectral Hilbert schemes
This section explains the relation between the nested Hilbert scheme N (γ) and the isospectral
Hilbert scheme employed in the work of Haiman [27, 28] on Macdonald polynomials. The
main results are the pushforward formulas (5.11) and (5.15).
First consider the case of full flags of ideal sheaves, where ℓ = r− 1 and γ = ( 1, . . . , 1︸ ︷︷ ︸
r
)
.
Then it will be shown below that there exists a surjective birational projection with connected
fibers mapping N (1, . . . , 1) to the isospectral Hilbert scheme.
Each flag of ideal sheaves (5.5) determines a collection of nested zero-dimensional sub-
schemes Z0 ⊂ Z1 ⊂ · · · ⊂ Zr−1 where Za has length a+1 for 0 ≤ a ≤ r− 1. Hence there are
exact sequences of sheaves on C2
0→ Opa+1 → OZa+1 → OZa → 0 (5.7)
for all 0 ≤ a ≤ r − 2, where pa are closed points in C2. Moreover, Z0 must also be a closed
point p0 since it has length 1. This determines a morphism N (1, . . . , 1)→ (C2)r. Using also
the natural projection onto the Hilbert scheme Hr, one obtains a commutative diagram
N (1, . . . , 1)
))❚❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
η
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
ρ
%% H˜r //
π

(C2)r

Hr // Sr(C2)
(5.8)
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where the square is Cartesian and the bottom horizontal arrow is the Hilbert-Chow mor-
phism. The upper left corner of the square is by definition the isospectral Hilbert scheme
H˜r. The above diagram determines a morphism ρ : N (1, . . . , 1) → H˜r such that η = π ◦ ρ.
Since both π and η are surjective and proper, so is ρ. Moreover, according to Appendix C,
N (1, . . . , 1) is reduced, hence ρ factors through a morphism ρred : N (1, . . . , 1)→ H˜rred, which
is surjective and proper as well.
The next step is to show that
ρred∗ON (1,...,1) ≃ OH˜r
red
. (5.9)
The proof will rely on [28, Prop. 3.3.2] and [28, Thm. 3.1], which prove that the reduced
scheme H˜r
red
is irreducible and normal. Then, by Stein factorization, ρred factors as
N (γ) f−→H˜′ g−→H˜r
red
,
where H˜′ = SpecH˜r
red
ρred∗ON (γ) and g is a finite morphism. In particular
f∗ON (1,...,1) ≃ OH˜′ . (5.10)
Since N (1, . . . , 1) is reduced according to Appendix C, H˜′ is reduced as well.
Next note that there is an open subset U˜ ⊂ H˜r such that the restriction of ρ to ρ−1(U˜)
is an isomorphism onto to U˜ . This open subset is the inverse image π−1(U), where U ⊂ Hr
is the open subset parameterizing subschemes Z ⊂ C2 consisting of r distinct points in C2.
By construction, the restriction of g to g−1(U˜) is an isomorphism as well.
In order to conclude the proof of (5.9), it suffices to show that ρred has connected fibers.
This implies that g is one-to-one on closed points, which further implies that H˜′ is irreducible
since H˜r
red
is irreducible. Therefore H˜′ is reduced and irreducible. Since g is an isomorphism
over the open subset g−1(U˜), it follows that g is birational, hence an isomorphism. Therefore
(5.9) follows from (5.10).
To prove that the fibers of ρred are connected, let (p0, . . . , pr−1;Zr−1) be a closed point
of H˜r
red
, with (p0, . . . , pr−1) ∈ (C2)r, and Zr−1 ⊂ C2 a closed zero-dimesional subscheme
of length r. In particular (p0, . . . , pr−1) ∈ (C2)r and Zr−1 are mapped to the same point
in Sr(C2) in diagram (5.8). The fiber N(p0, . . . , pr−1;Zr−1) = ρred−1(p0, . . . , pr−1;Zr−1)
parametrizes collections of length a+1 zero-dimensional subschemes Za ⊂ C2, 0 ≤ a ≤ r−2,
such that their structure sheaves fit in exact sequences of the form (5.7). The inductive ar-
gument given below shows that this fiber is connected.
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Since Zr−1 and pr−1 are fixed, the moduli space of subschemes Zr−2 such that OZr−2 fits
in an exact sequence
0→ Opr−1 → OZr−1 → OZr−2 → 0
is isomorphic to the projective space PHom(Opr−1,OZr−1). Therefore there is a natural
projection
πr−1 : N(p0, . . . , pr−1;Zr−1)→ PHom(Opr−1,OZr−1).
The fiber of πr−1 over a point parameterized by a subscheme Zr−2 is isomorphic toN(p0, . . . , pr−2;Zr−2).
If all fibersN(p1, . . . , pr−2;Zr−2) are connected, it follows that the total spaceN(p0, . . . , pr−1;Zr−1)
is also connected. Therefore it suffices to prove connectedness for r = 2. In that case the
moduli space N(p0, p1;Z1) is a single point for any choice of (p0, p1;Z1) as above, hence the
claim follows.
Now recall that the projection πred : H˜red →Hr is flat, according to [28, Thm 3.1], hence
the pushforward πred∗OH˜red is a rank r! vector bundle P on the Hilbert scheme. Equation
(5.9) implies that
η∗ON (1,...,1) ≃ P. (5.11)
Next consider the case of arbitrary discrete invariants γ = (γı)0≤ı≤ℓ. Let Sγ = Sγℓ ×
· · · × Sγ0 ⊂ Sr be the stabilizer of the ordered partition γ. The group action Sr × H˜r → H˜r
yields by restriction an action of Sγ × H˜r → H˜r. Let H˜γ denote the quotient of H˜r by Sγ ,
which is a quasi-projective scheme. Since H˜r
red
is normal and reduced and irreducible, so is
H˜γ
red
. Similarly, the quotient Sγ(C2) = (C2)r/Sγ is a quasi-projective variety and there is a
commutative diagram
H˜r //
κ

π

(C2)r

H˜γ //
πγ

Sγ(C2)

Hr // Sr(C2)
(5.12)
where both squares are Cartesian.
Next note that there is a Hilbert-Chow morphism N (γ) → Sγ(C2) defined as follows.
Given a flag of zero dimensional subschemes
Z0 ⊂ · · · ⊂ Zℓ ⊂ C2 (5.13)
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there are exact sequences
0→ Kı → OZı → OZı−1 → 0
with Kı a zero dimensional sheaf on C2, for 1 ≤ ı ≤ ℓ. The morphism N (γ) → Sγ(C2)
sends a flag of subschemes of the form (5.13) to the cycle classes associated to the zero
dimensional sheaves (OZ0 , K1, . . . , Kℓ) via the Hilbert-Chow morphism. Then the bottom
Cartesian square in (5.12) yields a morphism ργ : N (γ) → H˜γ which factors through a
morphism ργ
red
: N (γ)→ H˜γ
red
. The following generalization of (5.9) will be proven below:
ργ
red∗ON (γ) = OH˜γ
red
. (5.14)
Let Uγ = (πγ)−1U be the inverse image of the open subset parameterizing subschemes of
C2 supported at r distinct closed points. Then ηγ is an isomorphism over the open subset
(ηγ)−1Uγ . Then equation (5.14) follows from the Zariski Main Theorem provided one can
prove that N (γ) is connected. This is shown in Appendix C.
For future reference, note that by construction the bundle P = πred∗OH˜r
red
is equipped
with a fiberwise action of the symmetric group Sr such that its fiber over any point [I] ∈ Hr
is isomorphic to the regular representation. By construction,
OH˜γ
red
≃ (κred∗OH˜r
red
)Sγ
where κred : H˜rred → H˜γred is the morphism of reduced schemes determined by κ in diagram
(5.12). Pushing forward this identity to Hr via πγ
red
, one learns that
πγ
red∗OH˜γ
red
≃ (πred∗OH˜r
red
)Sγ
= PSγ . (5.15)
In particular, since P is locally free, so is Pγ = πγ
red∗OH˜γ
red
. Moreover Pγ is equipped with a
fiberwise action of Sr such that its fiber at any closed point [I] ∈ Hr is isomorphic to the
permutation representation Mγ of Sr with stabilizer Sγ =
∏ℓ
ı=0 Sγı ⊂ Sr.
5.5 Nested partition function and Macdonald polynomials
This section concludes the computation of the partition function (5.6) using the results of
[28] and the previous subsection.
As a preliminary remark, note that χTy˜ (Vg,p) on the Hilbert scheme Hr can be easily
computed by a fixed point theorem. The fixed points of the T-action on Hr are monomial
ideals [Iµ] ∈ Hr in one-to-one correspondence with partitions µ of r. For any equivariant
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bundle F on Hr, let Fµ denote the fiber of F at [Iµ]. An exception will be made for the
cotangent bundle T ∗Hr, in which case the fiber at [Iµ] will be denoted by T ∗µHr. Then
equivariant localization yields
χTy˜ (Vg,p) =
∑
µ
Ωg,pµ (q1, q2, y˜), (5.16)
where
Ωg,pµ (q1, q2, y˜) =
chT(detVg−1+p) chTΛy˜(T ∗µHr⊕gµ )
chTΛ−1(T ∗µHr)
. (5.17)
Then the main formula proven in this section reads
Z(r)K (q1, q2, y˜, x˜) =
∑
µ
Ωg,pµ (q1, q2, y˜)H˜µ(q2, q1, x˜) (5.18)
where H˜µ(q2, q1, x˜) are the modified MacDonald polynomials.
First note that the pushforward formulas (5.14), (5.15) are valid in T-equivariant setting,
hence one obtains an identity
χTy˜ (N (γ(m)), ηγ∗Vg,p) = χTy˜ (Hr, (PSγ ⊗Hr Vg,p)). (5.19)
The right hand side of equation (5.19) can be evaluated again by equivariant localization:
χTy˜ (Hr, (PSγ ⊗Hr Vg,p)) =
∑
µ
Ωg,pµ (q1, q2, y˜)chT(Pγµ). (5.20)
Now let γ˜ denote the unordered partition of r determined by the sequence γ = (γ0, . . . , γℓ).
Then following formula
chT(Pγµ) =
∑
λ
Kλ,γ˜K˜λ,µ(q1, q2). (5.21)
will be proven bellow, where the sum is over all partitions λ of r, Kλ,γ˜ are the Kostka
numbers, and K˜λ,µ(q2, q1) are the modified Kostka–Macdonald coefficients.
Since the fiberwise Sr-action on P is compatible with the T-equivariant structure, there
is a direct sum decomposition
Pµ ≃
⊕
λ
Vµ,λ ⊗Rλ (5.22)
Rλ is the irreducible Sr-representation labelled by the partition λ and Vµ,λ are finite di-
mensional representations of T. According to [28, Thm. 3.1, Prop. 3.7.3, Thm. 3.2], the
T-character of Vλ,µ is given by the modified Kostka-MacDonald coefficients,
chTVλ,µ = K˜λ,µ(q2, q1). (5.23)
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The pushforward formula (5.15) shows that the fiber Pγµ is the Sγ-fixed subspace of Pµ. This
yields
chTPγµ =
1
|Sγ|
∑
g=(g0,...,gℓ)∈Sγ
∑
λ
χRλ(g) chTVµ,λ. (5.24)
Now recall the branching rule for representations of the symmetric group. Given a sub-
group Sr1 ×Sr2 ⊂ Sr, with r1+ r2 = r, the irreducible Sr-representation Rλ has a direct sum
decomposition
Rλ ≃
⊕
ν1,ν2
Nν1,ν2,λ
(
Rν1 ⊠Rν2
)
(5.25)
where ν1, ν2 are partitions of r1, r2 respectively, and Nν1,ν2,λ are the Littlewood-Richardson
coefficients. Applying the rule (5.25) recursively one finds
Rλ ≃
⊕
ν0,...,νℓ
Nν0,...,νℓ,λ
(
Rν0 ⊠ · · ·⊠Rνℓ
)
(5.26)
where νı is a partition of γı for 0 ≤ ı ≤ ℓ. Substitution in (5.24) yields
chTPγµ =
∑
λ
∑
ν0,...,νℓ
Nν0,...,νℓ,λ
ℓ∏
ı=0
(
1
|Sγı |
∑
gı∈Sγı
χRνı (gı)
)
chTVµ,λ (5.27)
Next note that
1
|Sγı |
∑
gı∈Sγı
χRνı (gı) = dimR
Sγı
νı
is the dimension of the Sγı-fixed subspace ofRνı. Since Rνı is an irreducible Sγı -representation,
dimRSγıνı = 0
unless Rνı is the trivial representation corresponding to the length one partition νı = (γı).
In the latter case,
dimR
Sγı
(γı)
= 1.
Then equation (5.27) reduces to
chTPγµ =
∑
λ
N(γ0),...,(γℓ),λ chTVµ,λ.
formula (5.21) Using equation (5.23), formula (5.21) follows from the identity
N(γ0),...,(γℓ),λ = Kλ,γ˜. (5.28)
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The latter is proven in [22, Appendix 9]. More precisely, as shown in loc. cit., the Littlewood-
Richardson coefficients occur in the decomposition of the product of two Schur functions:
sν1(x)sν2(x) =
∑
λ
Nν1,ν2,λsλ(x). (5.29)
Furthermore, applying formula (5.29) recursively as in [22, Eqn. (A.9) pp. 456] yields
s(r1)(x) · · · s(rk)(x) =
∑
λ
Kλ,ρsλ(x) (5.30)
where ρ is the partition of r determined by (r1, . . . , rk), and Kλ,ρ are the Kostka numbers.
This implies identity (5.28).
Using equations (5.20), (5.21) the contribution of a fixed point [Iµ] to the partition
function (5.6) reduces to:
Ω(g,p)µ (q1, q2, y˜)
∑
ν
∑
λ
K˜λ,µ(q2, q1)Kλ,νmν(x˜) =
Ω(g,p)µ (q1, q2, y˜)
∑
λ
K˜λ,µ(q2, q1)sλ(x˜) = Ω
(g,p)
µ (q1, q2, y˜)H˜µ(q2, q1; x˜).
where mν(x˜) are the monomial symmetric functions, and sλ(x˜) the Schur functions. This
concludes the proof of equation (5.18).
6 BPS expansion and a parabolic P = W conjecture
Collecting the results of the previous two sections, here it is shown that geometric engineering
yields a conjectural expression for the refined stable pair partition function (1.4), which agrees
with the left hand side of the HLRV formula (1.3) by a change of variables. Furthermore,
it will be checked that the same change of variables relates the right hand side of equation
(1.3) with a refined Gopakumar-Vafa expansion, completing the physical derivation of the
HLRV formula.
As in Section 5.4 it will be assumed that there is a single marked point on C. The root
stack C˜ be the root stack has stabilizer µs at the unique orbifold point, for some s ≥ 1. The
local threefold Y˜M is the total space of the rank two bundle ν
∗M−1 ⊕ KC˜ ⊗C˜ ν∗M on the
root stack C˜, with M a degree p line bundle on C. Let Zref
Y˜M
(q, x, y) be the refined stable
pair partition function of Y , where x = (x0, . . . , xs−1, 0, . . .) are the formal counting variables
associated to the marked point. Physically, these are chemical potentials for twisted sector
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Ramond-Ramond charges at the orbifold point. By analogy with [12, 11], the geometric
engineering conjecture reads:
Zref
Y˜
(q, x, y) = 1 +
∑
r≥1
Z(r)K (qy−1, q−1y−1, y, (−1)(g−1+p)y−gx). (6.1)
The terms in the right hand side are given by (5.18). Equation (5.17) yields
Ωg,pµ (q1, q2, y˜) =
∏
✷∈µ
(q
l(✷)
1 q
a(✷)
2 )
g−1+p (1− y˜q−l(✷)1 qa(✷)+12 )g(1− y˜ql(✷)+11 q−a(✷)2 )g
(1− q−l(✷)1 qa(✷)+12 )(1− ql(✷)+11 q−a(✷)2 )
where a(✷), l(✷) are the arm and leg length of a box ✷ ∈ µ. Making the change of variables
in equation (6.1) yields
Zref
Y˜
(q, y, x) = 1 +
∑
µ6=∅
Zg,pµ (q, y)H˜µ(q
−1y−1, qy−1, x), (6.2)
where
Zg,pµ (q, y) = (−1)p|µ|
∏
✷∈µ
(
ql(✷)−a(✷)y1−h(✷)
)p
(qy−1)(2l(✷)+1)(g−1)(1− yl(✷)−a(✷)q−h(✷))2g
(1− yl(✷)−a(✷)−1q−h(✷))(1− yl(✷)−a(✷)+1q−h(✷))
with h(✷) = a(✷) + l(✷) + 1, and the sum is over all Young diagrams µ. This formula can
be also written as
Zg,pµ (q, y) = (−1)p|µ|
∏
✷∈µ
(
ql(✷)−a(✷)y1−h(✷)
)p
(qy)−(2a(✷)+1)(g−1)(1− ya(✷)−l(✷)qh(✷))2g
(1− ya(✷)−l(✷)−1qh(✷))(1− ya(✷)−l(✷)+1q−h(✷)) . (6.3)
A further change of variables yields
Zref
Y˜
(z−1w, z−1w−1, x) = 1 +
∑
µ6=∅
Hg,pµ (z, w)H˜µ(z2, w2, x), (6.4)
where
Hg,pµ (z, w) =
∏
✷∈µ
(z2a(✷)w2l(✷))p(z2a(✷)+1 − w2l(✷)+1)2g
(z2a(✷)+2 − w2l(✷))(z2a(✷) − w2l(✷)+2)
For p = 0 this is the left hand side of the HLRV formula evaluated at formal variables
x = (x0, . . . , xs−1, 0, 0, . . .).
For the remaining part of this section, let Y˜ := Y˜OC be the product A
1 × S˜, with S˜ =
tot(KC˜). Then it easy to check that any moduli stack of compactly supported Bridgeland
stable pure dimension one sheaves on Y˜ with fixed numerical class is isomorphic to a product
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A1 ×Mβ(S˜, γ), where M is a moduli stack of β-stable pure dimension one sheaves on S˜
with fixed numerical equivalence class γ. The notation used here is the same as in Sections
3.2, equation (3.21), and 3.3.4. Since in this particular case there is a single marked point,
and the eigenvalues ξ are trivial, γ will be labelled by integers dl ≥ 1, 1 ≤ l ≤ s, and n ∈ Z.
According to Section 3.1, the moduli stack Mβ(S˜, γ) is isomorphic to a moduli stack of
stable strongly parabolic Higgs bundles on C.
From a string theoretic perspective this chain of isomorphisms identifies parabolic Higgs
bundles on C with supersymmetric D2-D0 configurations on the Calabi-Yau threefold Y˜ .
Then the HLRV formula is identified with a refined Gopakumar-Vafa expansion [25, 38, 35,
10] provided that one assumes a parabolic variant of the P = W conjecture [14]. Some
details are provided below for completeness.
For a precise formulation of the parabolic P =W conjecture, consider a smooth projective
curve C with two marked points p,∞ ∈ C and let γp, γ∞ ∈ π1(C \ {p,∞}) be the generators
associated to the marked points. Let (r, e) ∈ Z>0×Z be coprime integers and let Cλ denote
the GL(r,C) conjugacy class of a diagonal matrix with (ordered) eigenvalues
λ = (λ1, . . . , λr).
Let also µ = (µ1, . . . , µl) denote the partition of r determined by the multiplicities of the
above eigenvalues.
Now let Ceλ(C, p,∞) be the character variety with conjugacy classes Cλ, exp(2eπ
√−1/r)
at the marked points p,∞. According to [29, Thm. 2.1.5], for sufficiently generic λ,
Ceλ(C, p,∞) is either empty or a smooth quasi-projective variety of complex dimension
dµ = r
2(2g − 2 + 1)−
l∑
j=1
(µj)2 + 2. (6.5)
Note that dµ is even; using the identity r =
∑l
j=1 µ
j,
dµ = 2bµ, bµ = r
2(g − 1) + 1 +
∑
1≤j1,j2≤l
j1<j2
µj1µj2. (6.6)
Since the marked curve (C, p,∞) is fixed throughout this section, the character variety will
be denoted simply by Ceλ in the following.
Next consider the specialization of the HLRV formula (1.3) to the present case taking
x∞ = (x∞,0, 0, 0, . . .). Since µ∞ is the length one partition (r), the variable x∞,0 can be scaled
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off by a redefiniton of the formal variable x associated to p. Moreover, as observed in [29],
the mixed Poincare´ ploynomial Pc(Ceλ; u, t) depends only on µ as long as a e is coprime with
r. Therefore equation (1.3) yields a formula of the form
∑
µ
Hg,0µ (z, w)H˜µ(z2, w2; x) = exp
( ∞∑
k=1
1
k
w−kdµPc,µ(z
−2k,−(zw)k)
(1− z2k)(w2k − 1) mµ(x
k)
)
(6.7)
where Pc,µ(u, t) = Pc(Ceλ; u, t).
By analogy with [14], the parabolic P = W conjecture identifies the weight filtration
W•Hcpt(Ceλ) with the perverse sheaf filtration on the compactly supported cohomology of a
moduli space of stable strongly parabolic Higgs bundles. As a first step, note that Conjecture
1.2.1(ii) in [29] yields the identifications
W2pHcpt(Ceλ) = W2p+1Hcpt(Ceλ)
for all p, just as in the unmarked case studied in [30].
Next, let Hem denote the moduli space of rank r ≥ 1, degree e stable parabolic Higgs
bundles (E,Φ) on the marked curve (C, p) with parabolic structure of type m at p. The
Higgs field Φ : E → E ⊗ KC(p) has nilpotent residue at p with respect to the. Let µ be
the partition of r determined by m. For primitive discrete invariants (m, e) and sufficiently
generic parabolic weights there are no strictly semistable objects, and the moduli space is a
smooth quasi-projective variety of dimension dµ. Furthermore, Hem is diffeomorphic in this
case with the character variety Ceλ provided the eigenvalues λi are related to the parabolic
weights by λi = e
2iπαi , 1 ≤ i ≤ r. There is also a Hitchin map
h : Hem → Bm
with Bm ⊂ ⊕ri=1H0(KC(p)⊗i) a linear subspace of dimension bµ. The generic fibers of h are
smooth abelian varieties of dimension bµ, and the total space Hem is an algebraically complete
integrable system. By analogy with [15, 14], this yields a perverse sheaf filtration P •H(Hem).
The parabolic P = W conjecture states that
W2pH(Ceλ) = PpH(Hem) (6.8)
for all values of p.
Equation (6.8) leads to an identification of the HLRV formula (1.3) with a refined BPS
expansion in close analogy with [11, Sect. 4]. Very briefly, using the methods in [15] one
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can prove a hard Lefschetz theorem for the parabolic Hitchin map and also choose a (non-
canonical) splitting of the perverse sheaf filtration as in [14, Sect 1.4.2, 1.4.3]. This yields
an SL(2,C)× C× action on the cohomology H(Hem), which splits as a direct sum
H(Heµ) ≃ ⊕bµp=0R⊕dim(Q
p,0)
(d−p)/2 (6.9)
where RjL is the irreducible SL(2,C)-representation of spin jL ∈ 12Z. In the above formula
p is the perverse degree and Qp,0 the primitive cohomology of perverse degree p. The coho-
mological degree is encoded in the C× action, which scales the quotient GrPp H
k(Heµ) with
weight l = k− p− bµ. Then specializing x to x = x = (x0, . . . , xs−1, 0, 0, . . .) and making the
same change of variables
(z, w) =
(
(qy)−1/2, (qy−1)1/2)
as in equation (6.4) converts equation (6.7) into a refined Gopakumar-Vafa expansion. This
computation is completely analogous with [11, Sect. 4], hence the details are omitted.
7 Recursion via wallcrossing
The recursion relation conjectured in [12] for the Poincare´ polynomial of the moduli space of
Hitchin pairs admits a natural generalization to parabolic Higgs bundles. The derivation of
this formula is completely analogous to loc. cit. assuming again all the foundational aspects
of motivic Donaldson-Thomas theory [42]. The final result will be recorded below, omitting
most intermediary steps.
For simplicity it will be assumed again that the curve C has only one marked point p.
To fix notation, the discrete invariants of a parabolic rank bundle E• on C are the degree
e ∈ Z and the flag type m = (ma)0≤a≤s−1 ∈ (Z≥0)×s. Let
|m| =
s−1∑
a=0
ma, χ(m, e) = e− |m|(g − 1).
For any weights α = (αa)0≤a≤s−1 let
m · α =
s−1∑
a=0
maαa.
The parabolic slope and the parabolic δ-slope are defined respectively by
µ(m, e, α) =
χ(m, e) +m · α
|m| , µδ(m, e, α) =
χ(m, e) +m · α + δ
|m| ,
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and the ordinary slopes are given by
µδ(m, e) =
χ(m, e) + δ
|m| , µ(m, e) =
χ(m, e)
|m| .
7.1 Generic parabolic weights
The recursion formula will be derived from wallcrossing with respect to variations of the sta-
bility parameter δ introduced in Section 4.1. The refined parabolic ADHM invariants will be
denoted by Aδ(m, e, α; y) while the refined parabolic Higgs bundle invariants byH(m, e, α; y).
Note that H(m, e, α; y) ∈ Q(y) are the rational refined invariants obtained directly from the
motivic integration map in [42], not the integral refined invariants H(m, e, α; y) ∈ Z[y, y−1].
The relation between the two sets of invariants for sufficiently generic weights is given by
the refined multicover formula
H(m, e, α; y) =
∑
k≥1, (m,e)=k(m′,e′)
1
k[k]y
H(m′, e′, α; yk). (7.1)
For fixed numerical invariants and fixed parabolic weights, there are finitely many critical
values δc ∈ R, where strictly semistable objects can exist. Using the formalism of [42], the
wallcrossing formula at such a critical value δc 6= 0 is
Aδc+(m, e, α; y)− Aδc−(m, e, α; y) =∑
l≥2
1
(l − 1)!
∑
∆l(δc,m,e,α)
Aδc−(m1, e1, α; y)
l∏
i=2
[χ(mi, ei)]yH(mi, ei, α; y).
(7.2)
where
∆l(δc, m, e, α) ={
(m1, . . . , ml), (e1, . . . , el) |mi ∈ (Z≥0)×r, ei ∈ Z, |mi| > 0, 1 ≤ i ≤ l,
(m1, e1) + · · ·+ (ml, el) = (m, e), µ(mi, ei, α) = µδc(m1, e1, α), 2 ≤ i ≤ l
}
and
[n]y =
yn − y−n
y − y−1
for any integer n ∈ Z. This is the same wallcrossing formula as [12, Eqn. 1.3], except
the Higgs invariants differ by a sign (−1)χ(m,e) from the used in loc. cit. The present
normalization is more natural in this context. There is a similar formula for δc = 0, including
an extra term with m1 = 0 as in [12, Eqn. 1.4].
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Applying equation (7.2) iteratively from δ >> 0 to δ << 0, and using the duality relations
(4.6), one obtains a wallcrossing formula of the form
[χ(m, e)]yH(m, e, α; y) = A+∞(m, e; y)−A+∞(mˇ, eˇ; y)
+
∑
l≥2
(−1)l−1
(l − 1)!
∑
∆
(>)
l (m,e,α)
A+∞(m1, e1; y)
l∏
i=2
[χ(mi, ei)]yH(mi, ei, α; y)
−
∑
l≥2
(−1)l−1
(l − 1)!
∑
∆
(≥)
l
(mˇ,eˇ,αˇ)
A+∞(m1, e1; y)
l∏
i=2
[χ(mi, ei)]yH(mi, ei, α; y)
−
∑
l≥2
1
l!
∑
∆
(=)
l
(m,e,α)
l∏
i=1
[χ(mi, ei)]yH(mi, ei, α; y)
(7.3)
where
∆
(✸)
l (m, e, α) ={
(m1, . . . , ml), (e1, . . . , el) |mi ∈ (Z≥0)×r, ei ∈ Z, |mi| > 0, 1 ≤ i ≤ l,
(m1, e1) + · · ·+ (ml, el) = (m, e), µ(mi, ei, α) ✸ µ(m, e, α), 2 ≤ i ≤ l
}
,
(7.4)
the symbol ✸ taking values >,≥,= respectively. Note that for any discrete invariants n there
exists a lower bound d0 ∈ Z such that A∞(n, d; y) = 0 for all d < d0. This can be proven by
standard bounding arguments, or, alternatively, it follows easily from the conjectural formula
(6.2). Therefore the number of terms in the right hand side of equation (7.3) is finite and
bounded above by a constant independent of the parabolic weights α.
The recursion formula (7.3) together with the geometric engineering conjecture (6.1)
completely determines the parabolic refined invariants H(m, e, α; y). Using the arguments
employed by Mozgovoy in [49], it will be shown below that the resulting invariants are
compatible with those determined by the HRLV formula (6.7).
For simplicity, consider local curves on type (0, 2g − 2) in the following. Using the same
notation as [49], the refined partition function (4.7) will be denoted by A∞(q, y, x). Hence
A∞(q, y, x) =
∑
m,e
A+∞(m, e; y)q
χ(m,e)xm.
Since there is a single marked point, the formal variable x = (x0, x1, . . .) does not carry an
extra index.
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As shown in Section 6, geometric engineering predicts that A∞(q, y, x) is determined by
equation (6.1)
A∞(q, y, x) = 1 +
∑
µ6=∅
Zg,0µ (q, y)H˜µ(q
−1y−1, qy−1; x).
Following [49], let P˜m(q, y) be defined by the formula
A∞(q, y, x) = exp
[∑
k≥1
∑
m
xkm
k
f(qk, yk)P˜m(q
k, yk)
]
(7.5)
where
f(q, y) =
q
(1− qy)(y − q) .
Note that P˜m(q, y) is related to the mixed Poincare´ polynomial of the character variety Ceλ
defined in Section 6, where λ is the partition of r = |m| determined by m. Using the change
of variables (z2, w2) = (q−1y−1, qy−1) in equation (6.7), one obtains
P˜m(q, y) = y
bλ+2q−bλPc(Ceλ, qy,−y−1)
where bλ = dλ/2 is half the complex dimension of the character variety.
Now let
Ω(m, e; y) = yH(m, e, α; y)
for any discrete invariants (m, e). Assuming that the invariants Ω(m, e; y) are independent
of the degree e ∈ Z for any m, it will be shown below that
Ω(m, e; y) = P˜m(1, y) (7.6)
for all (m, e). The proof is entirely analogous to the proof of [49, Thm. 4.6], some details
being presented below for completeness. Note that the assumption that Ω(m, e; y) are inde-
pendent of e is a standard conjecture [36] for Donaldson-Thomas invariants of pure dimension
one sheaves on Calabi-Yau threefolds.
Following [49], for any series
I =
∑
(m,e)
I(m, e)qχ(m,e)xm ∈ Q(y)[[q±1, x]]
and any µ ∈ R, let
I✸µ =
∑
µ(m,e,α)✸µ
I(m, e)qχ(m,e)xm
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where ✸ ∈ {=,≥, >,≤, <}. Furthermore, for any µ ∈ R define
Cµ(q, y, x) = exp
[∑
k≥1
∑
µ(m,e,α)=µ
xkm
k(y2k − 1)Ω(m, e; y
k)
(
(qy)kχ(m,e) − (qy−1)kχ(m,e))]
and
C✸µ(q, y, x) =
∏
η✸µ
Cη(q, y, x)
Then the recursion relation (7.3) can be recast in the form
Cµ(q, y, x) =
(
A∞(q, y, x)C
−1
>µ(q, y, x)
)
µ
− (A∞(q−1, y, x)C−1≥−µ(q−1, y, x)
)
−µ
(7.7)
by analogy with [49, Remark. 4.5], where
A∞(q, y, x) = A∞(q, y, x)− 1.
In order to prove equation (7.6) it suffices to show that the statement of [49, Thm 4.7]
holds in the present context. Namely, it suffices to prove the identity
A∞(q, y, x)C
−1
>µ(q, y, x) = A∞(q
−1, y, x)C−1≥−µ(q
−1, y, x) (7.8)
in Q(y)[[q±1, x]]. The proof given in [49, Sect 5] is based on several essential facts.
First note that independence of Ω(m, e; y) of degree yields a factorization of the form∑
(m,e)
Ω(m, e; y)qχ(m,e)
(
yχ(m,e) − y−χ(m,e))xm =
(∑
m
Ω(m; y)xm
)∑
n∈Z
(
(qy)n − (qy−1)n)),
where Ω(m; y) denotes the common value of Ω(m, e; y). Moreover, note that the function
f(q, y) defined below equation (7.5) satisfies
f(q, y) = f(q−1, y).
These two facts imply that completely analogous statements to [49, Lemma 5.1], [49, Lemma
5.4] and [49, Prop. 5.5] hold in the present context.
The next important observation is that
A∞(q, y, x) = A∞(q
−1, y, x). (7.9)
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In the present context, this follows from equation (6.3), which shows that
Zg,0λ (q
−1, y) = Zg,0λt (q, y),
and the standard property of MacDonald polynomials
H˜λ(t, s; x) = H˜λt(s, t; x),
which yields
H˜λ(qy
−1, q−1y−1; x) = H˜λt(q
−1y−1, qy−1; x).
Since f(q, y) is invariant under q 7→ q−1, equation (7.9) implies that
P˜m(q, y) = P˜m(q
−1, y)
which is analogous to [49, Lemma 5.7].
From this point on, the proof of identity (7.6) is identical with the proof of [49, Thm.
4.7] given in Section 5 of loc. cit.
7.2 Trivial weights
An alternative recursion formula may be derived along the same lines, working with trivial
weights, αa = 0 for all 0 ≤ a ≤ r − 1, rather than generic weights. This is usually a very
degenerate limit in the theory of parabolic Higgs bundles. However, the theory of motivic
Donaldson-Thomas invariants [42] works equally well for trivial weights. Moreover, the wall-
crossing formula of [42] shows that the refined Donaldson-Thomas invariants H(m, e, α; y)
are in fact independent of the weights, as long as the weights are sufficiently generic. In
fact, if one is willing to grant the refined generalization of [36, Thm. 6.16], even more is
expected to be true. That is, the integral refined invariants H(m, e, α; y) are expected to be
independent of the weights α, for all possible values, including non-generic ones.
Moreover, note that for coprime numerical invariants (r, e) = 1, the moduli space of
stable parabolic bundles with fixed flag type m is independent of the parabolic weights
as long as they are sufficiently small, including non-generic values. This can be proven
using a boundedness argument. Therefore the strong form of the conjecture in the previous
paragraph holds at least for (|m|, e) coprime.
In the following we will simply write down the α = 0 version of the recursion formula
(7.3). As explained above, it will yield the same results for the integral refined invariants as
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(7.3) at least for (|m|, e) coprime. If one is willing to grant the strong form of the refined
non-dependence conjecture, it will yield the same values even for non-coprime pairs (|m|, e).
Setting α = 0, equation (7.4) specializes to
∆
(✸)
l (m, e, 0) ={
(m1, . . . , ml), (e1, . . . , el) |mi ∈ (Z≥0)×r, ei ∈ Z, |mi| > 0, 1 ≤ i ≤ l,
(m1, e1) + · · ·+ (ml, el) = (m, e), µ(|mi|, ei) ✸ µ(|m|, e), 2 ≤ i ≤ l
} (7.10)
with ✸ ∈ {>,≥,=}. Note that the slope inequalities in the right hand side of equation
(7.10) depend only on |mi|, |m|, hence they are invariant under permutations of the entries
of mi, m, 1 ≤ i ≤ l. Moreover, the conjectural formula (6.2), and the parabolic P = W
conjecture in Section 6 imply that the invariants A∞(m, e; y), H(m, e; y) are also invariant
under permutations of the entries of m. Therefore they depend only on the partition λ of
|m| = r determined by m. Abusing notation, they will be denoted by A∞(λ, e; y), H(λ, e; y).
Moreover, for each partition λ of r ≥ 1, let
∆
(✸)
l (λ, e) =
{
(λ1, . . . , λl), (e1, . . . , el) | λi 6= ∅, ei ∈ Z, 1 ≤ i ≤ l,
(|λ1|, e1) + · · ·+ (|λl|, el) = (|λ|, e), µ(|λi|, ei) ✸ µ(|λ|, e), 2 ≤ i ≤ l
}
,
(7.11)
with ✸ ∈ {>,≥,=}. Then a straightforward computation shows that the zero weight spe-
cialization of the recursion formula (7.3) can be set in the form:
[e− |λ|(g − 1)]yH(λ, e; y) = A+∞(λ, e; y)− A+∞(λ, eˇ; y)
+
[∑
l≥2
(−1)l−1
(l − 1)!
∑
∆
(>)
l
(λ,e)
A+∞(λ1, e1; y)mλ1(x)
l∏
i=2
[ei − |λi|(g − 1)]yH(λi, ei; y)mλi(x)
−
∑
l≥2
(−1)l−1
(l − 1)!
∑
∆
(≥)
l (λ,eˇ)
A+∞(λ1, e1; y)mλ1(x)
l∏
i=2
[ei − |λi|(g − 1)]yH(λi, ei; y)mλi(x)
−
∑
l≥2
1
l!
∑
∆
(=)
l
(λ,e)
l∏
i=1
[ei − |λi|(g − 1)]yH(λi, ei; y)mλi(x)
]
λ
(7.12)
where [f(x)]λ is the coefficient of mλ(x) in the expansion of the symmetric function f(x) in
the monomial symmetric basis.
Proceeding as in the Section 7.1, it is straightforward to show that the solution to the
recursion relation (7.12) is also in agreement with the predictions of the HLRV formula.
56
This confirms the weight independence conjecture stated at the beginning of the current
subsection.
8 A conifold experiment
The goal of this section is to present numerical evidence for the geometric engineering conjec-
ture (6.1) for refined parabolic invariants on a resolved conifold. Therefore the curve C will
be the projective line P1 and the line bundles L1, L2 will be isomorphic to OC(−1). Choosing
homogeneous coordinates [z0, z1] on C, the marked point p will be z1 = 0. Parabolic refined
invariants will be computed by virtual localization, using the equivariant K-theoretic index
defined by Nekrasov and Okounkov in [52]. According to [48] this definition agrees under
certain conditions with the motivic construction of Kontsevich and Soibelman [42]. The
equivariant index has been also employed in [10] for similar computations of refined stable
pair invariants of toric Calabi-Yau threefolds.
8.1 A parabolic conifold conjecture
Since the data (C,L1, L2, p) will be fixed throughout this section, the moduli space of asymp-
totically stable parabolic ADHM sheaves with nunerical invariants (m, e) will be denoted by
PM∞(m, e). As explained in Section 4.2, this moduli space is equipped with a symmetric
perfect obstruction theory E• and a natural T = C××C× action given in equation (4.5). The
symmetric obstruction theory is equivariant, but not equivariantly symmetric with respect
to the T-action. The the T-fixed locus has been shown to be proper using the forgetful
morphism (4.3). Since the curve C is the projective line in this section, there is an enhanced
G = T× C× action on the moduli space where the action of the third factor C× is induced
by the scaling action on C = P1,
(s× [z0, z1]) 7→ [z0, sz1].
Using again the proper morphism (4.3) it can be easily shown that the G-fixed locus is finite.
Again, the perfect obstruction theory is G-equivariant but not G-equivariantly symmetric.
However using the deformation complex (4.4) it is straightforward to check that
E• = Z−1Q1Q2 (E
•)∨[1], (8.1)
where (Q1, Q2, Z) denote the canonical generators of the representation ring of G. In partic-
ular E• is equivariantly symmetric with respect to the action of the subtorusG0 = {s−1t1t2 =
57
1} ⊂ G. Note moreover, that in this example, one can easily prove that the moduli space
of asymtotically stable parabolic ADHM sheaves is proper. The details are provided in
Appendix D for completeness.
In this context, following [52], note that the virtual canonical bundle of the moduli space
admits a square root K1/2, which is equivariant with respect to the action of the double
cover G˜
2:1−→G determined by the commutative diagram
1 //G0 //
1

G˜ //

C× //
ζ 7→ζ2

1
1 //G0 //G // C× // 1.
Then the equivariant index defined in [52] is the equivariant holomorphic Euler character of
K1/2,
Iµ,e = χG˜(K
1/2). (8.2)
According to [52], relation (8.1) implies that Iµ,e is a Laurent polynomial in the element
R = (Z−1Q1Q2)
1/2 of the representation ring of G˜.
Specializing equation (6.1) to a local rational curve of type (−1,−1) yields
Zref
Y˜
(q, y, x) = 1 +
∑
µ6=∅
Z0,1µ (q, y)H˜µ(q
−1y−1, qy−1, x), (8.3)
where
Z0,1µ (q, y) = (−1)|µ|
∏
✷∈µ
qh(✷)ya(✷)−l(✷)+1
(1− ya(✷)−l(✷)−1qh(✷))(1− ya(✷)−l(✷)+1q−h(✷)) .
The expansion of the right hand side of equation (8.3) in the monomial symmetric basis can
be written as
Zref
Y˜
(q, y, x) = 1 +
∑
µ6=∅
Wµ(q, y)(−qy)|µ|mµ(x) (8.4)
with
Wµ(q, y) =
∑
e∈Z
Wµ,e(y)q
e.
Then the relation between the equivariant index (8.2) and formula (8.3) is the following
conjectural identity
(−1)eIm,e(R)
∣∣
R=y
=Wµ,e(y) (8.5)
for any discrete invariants (m, e). In the right hand side, µ is the partition of r = |m|
determined by m, and l(µ) is the length of µ. This conjecture will be verified by explicit
computations in Section 8.3.
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8.2 Virtual localization and fixed points
The index (8.2) can be computed explicitly by virtual localization, using the virtual Riemann-
Roch theorem proven in [21, 13]. Suppose m is an isolatedG-fixed point in the moduli space,
and let E•
m
be the restriction of the two term perfect obstruction complex to m. Let
[E•
m
] = V2 − V1
be the virtual G-representation determined by the restriction of the perfect obstruction
complex to m. For parabolic ADHM sheaves, the K-theory class [E•
m
] is determined by the
deformation complex (4.4),
[E•
m
] =
1∑
i=0
2∑
j=0
(−1)i+j[H i(C, Cj(E•)] (8.6)
where E• is the asymptotically stable parabolic ADHM sheaf on C corresponding to the fixed
point m. Since the obstruction theory is symmetric, there is an isomorphism V2 ≃ V ∨1 of
complex vector spaces, but not of G-representations. In particular dim(V2) = dim(V1) = v.
Then note that
V2 = R
2 V ∨1 and K
1/2
m
= Rv det(V 1)−1
in the representation ring of G˜. The contribution of m to the virtual K-theoretic localization
formula is
K1/2
m
Λ−1[(E
•
m
)∨] = Rvdet(V1)
−1Λ−1(V
∨
2 )
Λ−1(V ∨1 )
. (8.7)
The virtual representation [(E•
m
)∨] is the equivariant K-theoretic Euler characteristic of the
deformation complex (4.4) for the parabolic ADHM sheaf E• on C corresponding to the fixed
point m in the moduli space.
The next task is to classify the fixed loci and compute their local contribution to the
fixed point theorem. For concreteness suppose L1 = OC(−∞) and L2 = OC(−∞) as G˜-
equivariant line bundles on C, where ∞ ∈ P1 is the point z0 = 0 (as opposed to the marked
point p ∈ C, which is given by z1 = 0.) Therefore the G˜-equivariant canonical line bundle
will be KC = OC(−2∞).
Using [16, Prop. 3.1], asymptotically stable parabolic ADHM sheaves E• fixed by G˜
up to isomorphism are classified as follows. Forgetting the parabolic structure, the data
E = (E,Φ1,Φ2, φ, ψ) is an asymptotically stable ADHM sheaf on C with coefficient line
bundles (L1, L2(p)). There is a one-to-one correspondence between such sheaves E and data
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(∆, d, k), where ∆ ⊂ (Z≥0)2 is a Young diagram, and d : ∆ → Z, k : ∆ → Z two Z-valued
functions satisfying the inequalities:
0 ≤ k(0, 0) ≤ d(0, 0), (8.8)
0 ≤ k(i+ 1, j)− k(i, j) ≤ d(i+ 1, j)− d(i, j)− 1, (8.9)
for any (i, j) ∈ ∆ such that (i+ 1, j) ∈ ∆, and
− 1 ≤ k(i, j + 1)− k(i, j) ≤ d(i+ 1, j)− d(i, j)− 1, (8.10)
for any (i, j) ∈ ∆ such that (i, j + 1) ∈ ∆.
Given a collection (∆, d, k) as above, the underlying vector bundle of E is of the form
E ≃
⊕
(i,j)∈∆
E(i, j), E(i, j) = Q−i1 Q
−j
2 Z
−k(i,j)OC(d(i, j)∞) (8.11)
as a G˜-equivariant bundle on C. The nonzero components of the morphisms (Φ1,Φ2, φ, ψ)
are
Φ1(i, j) : OC
(
d(i, j)∞)→ OC((d(i+ 1, j)− 1)∞)
1 7→ zk(i+1,j)−k(i,j)1 zd(i+1,j)−d(i,j)−k(i+1,j)+k(i,j)−10
(8.12)
Φ2(i, j) : OC
(
d(i, j)∞)→ OC((d(i, j + 1)− 1)∞+ p)
1 7→ zk(i,j+1)−k(i,j)+11 zd(i,j+1)−d(i,j)−k(i,j+1)+k(i,j)−10
(8.13)
ψ : OC → OC(d(0, 0)∞)
1 7→ zk(0,0)1 zd(0,0)−k(0,0)0
(8.14)
All other components are identically zero.
In order to simplify the computations, it will be convenient to choose specific generators
for the cohomology of equivariant line bundles on C = P1 using a standard Cˇech cohomology
computation. Let z = z1/z0 be an affine coordinate centered at the marked point p. Then
one can easily show that
H0(OC(d∞+ ap)) ≃ C〈z−a, z1−a, . . . , zd〉 (8.15)
for any a, d ∈ Z≥0, and
H1(OC(−d∞)) ≃ C〈z−1, . . . , z1−d〉 (8.16)
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for any d ∈ Z≥2. In this basis the nontrivial components (8.12)–(8.14) read
Φ1(i, j) =z
k(i+1,j)−k(i,j), Φ2(i, j) = z
k(i,j+1)−k(i,j),
ψ(0, 0) = zk(0,0).
(8.17)
For a G˜-fixed asymptotically stable parabolic ADHM sheaves E•, one has to specify in
addition a flag
0 = Esp ⊆ Es−1p ⊆ · · · ⊆ E0p = Ep (8.18)
in the fiber at p preserved by the G˜ such that:
(a) Φ1
∣∣
p
(Eap ) ⊆ Eap for any 0 ≤ a ≤ s, and
(b) resp(Φ2)(E
a
p ) ⊆ Ea+1p for any 0 ≤ a ≤ s− 1.
Note that for any such flag the subspaces Eap , 0 ≤ a ≤ s − 1 must be specified by a third
function ϕ : ∆→ {0, · · · , s− 1} such that
Eap =
⊕
(i,j)∈ϕ−1(a)
Q−i1 Q
−j
2 Z
−k(i,j)OC(d(i, j)∞)p. (8.19)
In conclusion the G˜-fixed points in the moduli space of asymptotically stable parabolic
ADHM sheaves are in one-to-one correspondence with data (∆, d, k, ϕ) satisfying inequalities
(8.8)-(8.10) and the compatibility conditions (a), (b) above (8.18). A complete enumeration
of such data for fixed numerical invariants (m, e) is fairly tedious. This is done in detail in
Section 8.1 for low rank examples.
To conclude this subsection, note that the contribution of a fixed point m = (∆, d, k, ϕ)
to the fixed point formula is determined by the deformation complex (4.4), using the exact
sequences (2.3), (2.4) and their strongly parabolic analogues.
Recall that for any filtered vector space V •, PEnd(V •), SPEnd(V •) denote the linear
spaces of parabolic, respectively strongly parabolic morphisms with respect to the flag. The
space APEnd(V •) was defined in Section 2.1 as the quotient
APEnd(V •) = End(V )/PEnd(V •).
Moreover, for any two G˜-equivariant bundles E, F on C, let
χ(E, F ) = Ext0C(E, F )− Ext1C(E, F )
in the representation ring of G˜. Then a straightforward computation yields
V2 − V1 = T + P (8.20)
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where
T = χ(E,E)−Q1χ(E,E ⊗C L1)−Q2χ(E,E ⊗C L2)
+Q1Q2χ(E,E ⊗C L1 ⊗C L2)− χ(OC , E)−Q1Q2χ(E,L1 ⊗C L2)
(8.21)
and
P =(1−Q1)APEnd(E•p) +Q2(Q1 − 1)SPEnd(E•p)⊗OC(p)p. (8.22)
Using the canonical exact sequence
0→ OC z1−→OC(p)→ OC(p)p → 0,
one finds that OC(p)p = Z−1 in the representation ring of G˜. Moreover, there is a natural
G˜-equivariant isomorphism
SPEnd(E•p) ≃ APEnd(E•p)∨.
Therefore equation (8.22) yields
P = (1−Q1)APEnd(E•p) +Q2(Q1 − 1)Z−1APEnd(E•p)∨. (8.23)
8.3 Experimental evidence
The goal of this section is to provide some supporting evidence for the conjectural formula
(8.5).
First note that
W(r)(q, y) = (−1)rZ0,1(r) (q, y)
for length one partitions µ = (r). In this case the conjectural formula (8.3) reduces to the case
without marked points discussed in detail in [12, 11]. Then identity (8.5) is already verified
by the computations of [10], both sides being in agreement with the geometric engineering
predictions. Therefore only partitions of length l ≥ 2 will be considered in the following. A
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straightforward computation yields the following expressions
W(11)(q, y) =
2y12 + 2y14
y13
q +
3y11 + 3y15 + 4y13
y13
q2
+
4y10 + 6y12 + 4y16 + 6y14
y13
q3 + · · ·
W(21)(q, y) =
y13 + y15
y14
q +
2y16 + 2y12 + 4y14
y14
q2
+
8y13 + 4y11 + 4y17 + 8y15
y14
q3 + · · ·
W(111)(q, y) =
3y14 + 3y16
y15
q +
6y13 + 6y17 + 9y15
y15
q2
+
10y12 + 18y14 + 10y18 + 18y16
y15
q3 + · · ·
(8.24)
A sample computation will be displayed below for µ = (1, 1, 1) and e = 1. Employing the
results of Section 8.2 the fixed loci are in this case classified as follows. Taking into account
inequalities (8.8)–(8.10), there are six fixed points:
1) E = OC ⊕Q−12 ZOC +Q−22 Z2OC(∞)
Φ2(0, 0) = z
−1, Φ2(0, 1) = z
−1, ψ(0, 0) = 1,
E2p = E(0, 2), E
1
p = E(0, 2)⊕ E(0, 1).
2.a) E = OC ⊕Q−12 ZOC +Q−22 Z2OC(∞)
Φ2(0, 0) = z
−1, Φ2(0, 1) = 1, ψ(0, 0) = 1,
E2p = E(0, 2), E
1
p = E(0, 2)⊕ E(0, 1).
2.b) E = OC ⊕Q−12 ZOC +Q−22 Z2OC(∞)
Φ2(0, 0) = z
−1, Φ2(0, 1) = 1, ψ(0, 0) = 1,
E2p = E(0, 1), E
1
p = E(0, 2)⊕ E(0, 1).
2.c) E = OC ⊕Q−12 ZOC +Q−22 Z2OC(∞)
Φ2(0, 0) = z
−1, Φ2(0, 1) = 1, ψ(0, 0) = 1,
E2p = E(0, 1), E
1
p = E(0, 0)⊕ E(0, 1).
3.a) E = OC ⊕Q−1OC(∞) +Q−12 Z2OC
Φ1(0, 0) = 1, Φ2(0, 0) = z
−1, ψ(0, 0) = 1,
E2p = E(1, 0), E
1
p = E(1, 0)⊕ E(0, 1).
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3.b) E = OC ⊕Q−1OC(∞) +Q−12 Z2OC
Φ1(0, 0) = 1, Φ2(0, 0) = z
−1, ψ(0, 0) = 1,
E2p = E(0, 1), E
1
p = E(1, 0)⊕ E(0, 1).
The underlying vector bundle E is encoded in a decorated Young diagram of the form
1
0
0
for cases (1)− (2.c), respectively
0
0 1
for cases (3.a)− (3.b). The expression (8.21) takes the form
T1 = 2 + Z
−1Q2 + ZQ
−1
2 − Z2Q1Q22 − ZQ1Q−12 + Z−2Q1Q2 − Z + Z−3Q22
− 2Z−1Q1Q2 − Z−2Q1Q22 −Q1
for case (1),
T2 = 1 + Z
−1Q2 +Q
−1
2 − ZQ1Q−22 −Q1Q−12 − Z−1Q1Q2 + Z−2Q32
+ Z−1Q22 −Q1 − Z−1Q1Q22
for cases (2.a)-(2.c), respectively
T3 = 1 + Z
−1Q−11 Q2 +Q
2
1Q
−1
2 − Z−1Q−11 Q22 − Z−1Q1Q2 −Q21
for cases (3.a) and (3.b).
The expression (8.22) specializes to, respectively,
P1 = − 2 + ZQ1Q−12 + 2Q1 − ZQ−12 + 2Z−1Q1Q2 + Z−2Q1Q22 − 2Z−1Q2 − Z2Q22
P2.a = − 1 +Q1Q−12 + Z−1Q1 +Q1 − Z−1 −Q−12 + Z−1Q1Q2
+Q1Q2 + Z
−1Q1Q
2
2 − Z−1Q2 −Q2 − Z−1Q22
P2.b = − 1 +Q1 + Z−1Q1Q2 + 2Q1Q−12 + 2Z−1Q1Q22 − Z−1Q2 − 2Q−12 − 2Z−1Q22
P2.c = − 1− Z−1Q2 −Q−12 − ZQ−22 + Z−1Q1Q2 +Q1Q−12 + ZQ1Q−22 − Z2Q32
− Z−1Q22 + Z−2Q1Q32 + Z−1Q1Q22 +Q1
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P3.a = − 1− ZQ1Q−12 +Q21 + ZQ21Q−12 + Z−1Q1Q2 − Z−1Q−11 Q2
− Z−2Q−11 Q22 + Z−2Q22
P3.b = − 1−Q1 − 2Z−1Q−11 Q2 + Z−1Q2 + 2Q21 + Z−1Q1Q2
Let Fm denote the right hand side of equation (8.7). Then, using the above computations,
one obtains
F1 = R
3Z−2Q−11 Q2
(1−Q−11 )(1− Z2Q−11 Q−12 )(1− Z3Q2−3)
(1− Z−1)(1− ZQ−12 )(1− Z−2Q−11 Q22)
F2.a = R
3Q−11 Q2
(1−Q−11 Q−12 )(1− ZQ−11 )(1− Z2Q−32 )
(1−Q−12 )(1− Z)(1− Z−1Q−11 Q22)
F2.b = R
3Q−11 Q2
(1− ZQ−11 Q−22 )(1−Q−11 Q2)(1− Z2Q−32 )
(1−Q2)(1− ZQ−22 )(1− Z−1Q−11 Q22)
F2.c = RZ
−1Q22
1− Z2Q−11 Q−32
1− Z−1Q22
F3.a = R
3Z2Q1Q
−3
2
(1−Q−21 Q2)(1− Z2Q2−2)(1− Z−1Q−21 Q2)
(1− Z−1Q−11 Q2)(1− Z2Q1Q−22 )(1− ZQ1Q2−2)
F3.b = R
3Z2Q1Q
−3
2
(1−Q−21 Q2)(1−Q−21 )(1− ZQ−12 )
(1−Q−11 )(1− ZQ1Q−22 )(1− ZQ1Q−12 )
where R = Z−1Q1Q2. Adding all local contributions yields
I(1,1,1),1 = −3
(
R1/2 +R−1/2
)
,
confirming conjecture (8.5) in this case. Similar computations confirm the conjecture for
(µ, e) = ((1, 1), 1), ((1, 1), 2), ((1, 1), 3), ((2, 1), 1), ((2, 1), 2), ((2, 1), 3),
((1, 1, 1), 2), ((1, 1, 1), 3).
A Degree zero ADHM sheaves
This section proves a result used in the main text stating that the underlying vector bundle
of any rank r, degree 0 asymptotically flat ADHM sheaf E must be trivial, E ≃ O⊕rC .
If r = 1, the claim is obvious since deg(E) = 0 and there is a nonzero morphism ψ :
OC → E.
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Suppose r ≥ 2 and E is slope semistable. For any (n1, n2) ∈ (Z≥0)2, let E(n1, n2) =
Φn11 Φ
n2
2 ψ(OC) ⊂ E. Note that E(n1, n2) is either the zero sheaf or isomorphic to OC since
it is a locally free quotient of OC . Let
E ′ =
∑
(n1,n2)∈Z2≥0
E(n1, n2) ⊆ E.
The asymptotic stability condition implies that E/E ′ is a zero dimensional sheaf on C. By
construction there there exists a finite set ∆ ⊂ (Z≥0)2 and a surjective morphism
V∆ =
⊕
(n1,n2)∈∆
E(n1, n2)։ E
′.
Since E is semistable of degree 0, it follows that the resulting morphism V∆ → E must be
surjective as well, hence E ≃ E ′.
Now let
0 = JE0 ⊂ JE1 ⊂ · · · ⊂ JEn = E
be a Jordan-Ho¨lder filtration of E. Obviously, there is a commutative triangle of surjective
morphisms
V∆ //
%%❏❏
❏
❏
❏
❏
❏
❏
❏
❏
E

E/JEn−1.
This implies that there is at least one direct summand E(m1, m2) ⊂ V∆ which fits into a
commutative triangle
E(m1, m2) //
''◆◆
◆◆
◆◆
◆◆
◆◆
◆
E

E/JEn−1
with all maps nontrivial. Moreover, the horizontal map must be in fact injective. Since
E/JEn−1 is stable of degree 0, and E(m1, m2) ≃ OC , it follows that E/JEn−1 ≃ OC , and
the map E(m1, m2)→ E/JEn−1 is an isomorphism. This implies that there is a splitting
E ≃ E/JEn−1 ⊕ JEn−1 ≃ OC ⊕ JEn−1
By construction, JEn−1 is degree 0 slope semistable and there is a surjective morphism⊕
(n1,n2)∈∆\{(m1,m2)}
E(n1, n2)։ JEn−1.
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Repeating the above argument shows that JEn−1/JEn−2 ≃ OC and there is a splitting
JEn−1 ≃ OC ⊕ JEn−2
Proceeding recursively, one finds that E ≃ O⊕rC in a finite number of steps.
To finish the proof, suppose E is not slope semistable. Then it It will be shown below
that this leads to a contradiction. By assumption, E has a a Harder-Narasimhan filtration
0 = HE0 ⊂ HE1 ⊂ · · · ⊂ HEl = E
with l ≥ 2.
The first observation is that Φj(Ek) ⊆ Ek for all 1 ≤ j ≤ 2 and 1 ≤ k ≤ l. Suppose this
fails for some 1 ≤ k ≤ l − 1 and some 1 ≤ j ≤ 2, and let k be minimal with this property
i.e. Φj(Ek′) ⊆ Ek′ for all k′ < k. Then let k′′ > k be minimal such that Φj(Ek) ⊆ Ek′′ for
all j ∈ {1, 2} and Φj(Ek) * Ek′′−1 for at least one value of j ∈ {1, 2}. Then Φj yields a
nontrivial morphism Φj : Ek/Ek−1 → Ek′′/Ek′′−1 contradicting the defining property of the
Harder-Narasimhan filtration.
Since Φ1,Φ2 preserve the Harder-Narasimhan filtration, the asymptotic stability condi-
tion for ADHM sheaves implies that ψ(OX) * El−1. Hence ψ yields a nontrivial morphism
OX → E/Eh−1. Since E/El−1 is semistable, this implies µ(E/El−1) ≥ 0, again contradicting
the properties of the Harder-Narasimhan filtration which imply that µ(E/El−1) < µ(E) = 0.
In conclusion, the underlying bunde of an asymptotically stable degree 0 ADHM sheaf
must be indeed isomorphic to O⊕rC .
B Fermion zero modes
The goal of this section is to determine the bundle of fermion zero modes on the moduli
space of supersymmetric D2-D6 configurations found in Section 5. As proven in Section
5.2, supersymmetry constraints require the Chan-Paton bundle on r such D2-branes to be
isomorphic to the trivial rank r bundle, and all field configurations to be constant. This shows
that the low energy effective action of such a configuration is reduced to supersymmetric
quantum mechanics. The detailed action of a similar system has been written in [6, Sect
2.2] as the dimensional reduction of a two dimensional (0, 2) gauged linear sigma model.
Analogous considerations will yield the action in the present case by dimensional reduction of
a two dimensional (0, 4) gauged linear sigma model. Omitting the details, note the resulting
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quantum mechanical system will have a moduli space of flat directions isomorphic to N (γ),
as expected. Using standard (0, 2) sigma model technology [61], the bundle of fermion zero
modes is isomorphic to the middle cohomology of a monad complex, as shown below.
In absence of the orbifold point p, the D2-D6 moduli space is isomorphic to the Hilbert
scheme of points Hr. For any stable ADHM data (A1, A2, I), the space of fermion zero modes
is isomorphic to the middle cohomology group of the complex F(A1,A2,I)
0→ H1(EndC(E)) d1−→
H1(EndC(E))
⊕2
⊕
H1(E)
⊕
H1(E∨)
d2−→H1(EndC(E))→ 0 (B.1)
where
d1(α) =
(
[α,A1], [α,A2], αI
)
d2(β1, β2, γ, δ) = [β1, A2] + [A1, β2] + Iδ.
(B.2)
Since E ≃ O⊕rC , one can easily prove using Serre duality that F(A1,A2,I,J) is left and right
exact while its middle cohomology is isomorphic to
(T ∗(A1,A2,I,J)Hr)⊕g, where T ∗(A1,A2,I,J)Hr is
the fiber of the cotangent bundle to the Hilbert scheme Hr at the point (A1, A2). Using the
same argument in flat families of stable ADHM data, it follows that the bundle of fermion
zero modes is isomorphic to the direct sum
(T ∗Hr)⊕g.
Now suppose there is an orbifold point, in which case the supersymmetric configurations
are in one-to-one correspondence with stable parabolic ADHM data (A1, A2, I, J ;V
•) as
shown in Section 5.2. The space of fermion zero modes will then given by the middle
cohomology of a complex F(A1,A2,I,J ;V •) of the form (B.1), where E is replaced with an orbi-
bundle E˜ on C˜. Using the correspondence described in Section 4, this complex can be written
in terms of parabolic data as follows.
Recall that there is a root line bundle L˜ on C˜ such that L˜s ≃ ν∗OC(p), where ν : C˜ → C
is the natural projection. Moreover, the canonical class of C˜ is given by
KC˜ ≃ ν∗KC ⊗C˜ L˜(s−1) ≃ ν∗KC(p)⊗C˜ L˜−1.
Then Serre duality on the stack C˜ yields the following isomorphisms
H1(EndC˜(E˜)) ≃ H0(EndC˜(E˜)⊗C˜ ν∗KC(p)⊗C˜ L˜−1)∨
H1(E˜∨) ≃ H0(E˜ ⊗C˜ ν∗KC(p)⊗C˜ L˜−1)∨.
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Now recall that the pushforward E = ν∗E˜ is a vector bundle on C equipped with a filtration
by subsheaves Fa = ν∗(E˜⊗C˜ L˜−1), a ≥ 1. This filtration determines a flag E•p in the fiber Ep,
hence a parabolic structure on E at p. Moreover the higher direct images Rkν∗E˜ are trivial
and there is a one-to-one correspondence between morphisms Φ˜ : E˜ → E˜ and parabolic
morphisms Φ : E• → E•. Therefore one obtains isomorphisms of the form
H1(EndC˜(E˜)) ≃ H0(SPEndC(E)⊗C ν∗KC(p))∨
H1(E˜∨) ≃ H0(F1 ⊗C ν∗KC(p))∨
H1(E˜) ≃ H1(E) ≃ H0(E∨ ⊗C KC)
Then dual complex is isomorphic to
0→ H0(SPEndC(E•)⊗C KC(p)) d
′
1−→
H0(SPEndC(E
•)⊗C KC(p))⊕2
⊕
H0(E∨ ⊗C KC(p))
⊕
H0(F1 ⊗C KC(p))
d′2−→H0(SPEndC(E•)⊗C KC(p))→ 0
(B.3)
where SPEndC(E
•) denotes the sheaf of strongly parabolic endomorphisms of E•. The
expressions of the differentials are formally identical with the ones given in (B.2).
Next note that by construction there is an exact sequence
0→ EndC(E)⊗C KC → SPEndC(E•)⊗KC(p)→ SPEnd(E•p)⊗C Op(p)→ 0 (B.4)
of sheaves on C. Moreover, the inclusions
0 ⊂ E(−p) ⊂ F1 ⊂ E
yield inclusions of vector spaces
0 ⊂ H0(E ⊗C KC) ⊆ H0(F1 ⊗C KC(p)) ⊆ H0(E ⊗C KC).
However since E ≃ O⊕rC , there is an isomorphism
H0(E ⊗C KC) ≃ H0(E ⊗C KC(p)).
Therefore there is an isomorphism
H0(E ⊗C KC) ≃ H0(F1 ⊗C KC(p)). (B.5)
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Using the exact sequence (B.4) and isomorphism (B.5) a straightforward computation shows
that there is an exact sequence of complexes
0→ F∨(A1,A2,I) → F∨(A1,A2,I;V •) → D(A1,A2;V •) → 0 (B.6)
where D(A1,A2;V •) is the three term complex
0→ SPEnd(V •) δ1−→SPEnd(V •)⊕2 δ2−→SPEnd(V •)→ 0.
The differentials δ1, δ2 are given by
δ1(f) =
(
[f, A1], [f, A2]
)
δ2(g1, g2) = [g1, A2] + [A1, g2].
Now note that under the current assumptions δ1 is injective and δ2 is surjective, hence the
complex D(A1,A2;V •) has trivial cohomology.
To prove this claim, recall that (A1, A2) is by assumption a cyclic commuting pair pre-
serving the flag V •. In particular (A1, A2)is regular i.e. the subspace f ∈ End(Cr) such
that [f, A1] = [f, A2] is isomorphic to a Cartan subalgebra of End(Cr). On the other hand
if f ∈ SPEnd(V •), it follows that f is nilpotent, hence it must be trivial. This shows that
Ker(δ1) = 0. Surjectivity of δ2 follows by an analogous argument for the dual morphism
δ∨2 : SPEnd(V
•)∨ → SPEnd(V •)∨ ⊕ SPEnd(V •)∨
The dual vector space SPEnd(V •)∨ is isomorphic to a space of strongly parabolic maps on
the dual vector space V ∨ equipped with the dual flag
V ∨s−a = Ker
(
V ∨ ։ (V a)∨
)
, 0 ≤ a ≤ s.
That is SPEnd(V •)∨ ≃ SPEnd(V ∨• ). Moreover,
δ∨2 (ξ) =
(
[ξ, A∨1 ], [A
∨
2 , ξ]
)
=
(
[A1, ξ
∨]∨, [ξ∨, A2]
∨
)
.
Then the same argument shows that Ker(δ∨2 ) = 0, hence δ2 is surjective.
In conclusion, the exact sequence (B.6) implies that the complexes F∨(A1,A2,I;V •) and
F∨(A1,A2,I) are quasi-isomorphic.
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C Some basic facts on nested Hilbert schemes
The goal of this section is to prove that the nested Hilbert scheme N (γ) used in Section 5.2
is reduced and connected. The proof relies on an alternative presentation of N (γ) given in
[4] as a moduli space of stable framed quiver representations. Namely, consider the moduli
space of stable framed quiver representations of the form:
Crℓ
Aℓ,1

Aℓ,2
YY
fℓ−1,ℓ // Crℓ−1
fℓ−2,ℓ−1 //
Aℓ−1,1

Aℓ−2,2
YY · · · Cr0
A0,1

A0,2
YY C
Ioo (C.1)
with quadratic relations
[A0,1, A0,2] = 0, Aı,1fı,ı+1 − fı,ı+1Aı,1 = 0, Aı,2fı,ı+1 − fı,ı+1Aı,2 = 0. (C.2)
The discrete invariants rı, 0 ≤ ı ≤ ℓ, are given by
rı =
ℓ∑
=ı
γ.
For generic King stability parameters (θı, θ∞) ∈ Rℓ+2 satisfying
θ∞ = −
ℓ∑
ı=0
nıθı, θı > 0, 0 ≤ ı ≤ ℓ.
a representation of the above quiver is semistable if and only if the ADHM data (A0,1, A0,2, I)
is stable and the linear maps fı,ı+1 are injective for all 0 ≤ ı ≤ ℓ − 1. Here ∞ denotes the
framing node corresponding to the tail of the arrow I in the above diagram. In particular for
(θı, θ∞) sufficiently generic there are no strictly semistable objects and the stabilizer group
of any stable framed representation is trivial.
Let A(γ) denote the linear space of all linear maps of the form (C.1), not subject to
any stability condition or relations. Then the subset of stable quiver representations is an
open subspace U(γ) ⊂ A(γ). Let V (γ) ⊂ A(γ) be the closed subscheme determined by the
quadratic equations (C.2), and VU(γ) its restriction to U(γ). Since all stabilizers are trivial,
VU(γ) is a principal G(γ) bundle over N (γ), where G(γ) = ×ℓı=0GL(nı,C). Therefore in
order to conclude that N (γ) is reduced it suffices to prove that V (γ) is reduced. Now recall
that any ideal I ∈ C[x1, . . . , xN ] generated by irreducible polynomials is a radical ideal. This
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statement can be easily proven by induction on N . Then it suffices to prove that all quadrics
in equation (C.2) are irreducible. A straightforward computation shows that any quadric in
(C.2) is of the form
s∑
i=1
xiyi
with s ≥ 2, which is indeed irreducible.
In order to prove N (γ) is connected, recall that the morphism ρred : N (γ) → H˜rred
constructed in diagram (5.8) was shown there to have connected fibers for γ = (1, . . . , 1).
This implies that N (γ) is connected since ρred is also surjective and H˜rred is connected. The
above quiver moduli space yields a natural morphism N (1, . . . , 1) → N (γ) for any ordered
partition γ of r. Using the Jordan normal for the linear maps Aı,1, Aı,2, 0 ≤ ı ≤ ℓ, it
is straightforward to show that this morphism is surjective. Therefore N (γ) must also be
connected, as required in the proof of equation (5.14).
D A compactness result
This section proves that the moduli spaces of asymptotically stable parabolic ADHM sheaves
in the example considered in Section 8 are proper. In that case C ≃ P1 and there is a single
orbifold point p, which is one of the fixed points of the canonical torus action on C. The
second fixed point is denoted by∞. The orbifold Y˜ is the total space of the rank two bundle
KC˜ ⊗C˜ ν∗OC(∞)⊕ ν∗OC(−∞). Therefore one has a moduli space of asymptotically stable
parabolic ADHM sheaves on C with coefficient line bundles OC(−∞), KC ⊗C O(−∞) ⊗C
OC(p). The underlying vector bundle E of any such ADHM sheaf E splits as a direct sum
E ≃ ⊕lj=1OC(ej∞)⊕rj
with
0 ≤ d1 < d2 < · · · < dl.
Positivity follows from asymptotic ADHM stability, which requires E to be generically gen-
erated by the image of the section ψ : OC → E as a quiver sheaf. The Higgs fields Φ1,Φ2
have components
Φ1(j, j
′) : OC(ej∞)⊕rj → OC((ej′ − 1)∞)⊕rj′
Φ2(j, j
′) : OC(ej∞)⊕rj → OC((ej′ − 1)∞)⊕rj′ ⊗C OC(p)
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For degree reasons Φ1(j, j
′) = 0 for all j′ ≤ j, and Φ2(j, j′) = 0 for all j′ < j. Moreover, note
that the diagonal components Φ2(j, j) must be constant maps. Since the residue RespΦ2
must be nilpotent, it follows that the components Φ2(j, j) must vanish as well. This implies
that all polynomial invariants of the quiver sheaf E are identically zero since φ : E → OC is
identically zero. Since the generalized Hitchin map determined by the polynomial invariants
is proper, it follows that the moduli space is proper.
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